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Abstract 

Three dimensional field theories admit disorder line operators, dubbed vortex loop 
operators. They are defined by the path integral in the presence of prescribed sin- 
gularities along the defect line. We study half-BPS vortex loop operators for M = 2 
supersymmetric theories on S 3 , its deformation S 3 , and S 1 x S 2 . We construct BPS 
vortex loops defined by the path integral with a fixed gauge or flavor holonomy for 
infinitesimal curves linking the loop. It is also possible to include a singular profile for 
matter fields. For vortex loops defined by holonomy we perform supersymmetric lo- 
calization by calculating the fluctuation modes, or alternatively by applying the index 
theorem for transversally elliptic operators. We clarify how the latter method works in 
situations without fixed points of relevant isometries. Abelian mirror symmetry trans- 
forms Wilson and vortex loops in a specific way. In particular an ordinary Wilson loop 
transforms into a vortex loop for a flavor symmetry. Our localization results confirm 
the predictions of abelian mirror symmetry. 
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1 Introduction 

In this paper we initiate the study of the exact expectation value of supersymmetric vortex 
loop operators in Af = 2 gauge theories in three dimensions^] In the case of M = 6 super- 
symmetric Chern-Simons-matter theories [T] (known as ABJM theory) such operators were 
defined in [2] and evaluated at strong coupling. In this paper we will define them in more 
general theories and perform the exact localization calculation of their expectation value, 
reducing the infinite dimensional path integral to a finite dimensional integral. 

The basic definition of a vortex loop operator is that the gauge field has a singularity 
along a curve in space. Stated differently, it is the result of quantizing the theory in a 
background with a non-trivial singular connection. We start this paper by considering in 
great detail theories on a round S 3 and later generalize to the case of the squashed sphere 8 3 
and to the index calculation on § 2 xS 1 . In all these examples it is possible to introduce such 
singularities and with the appropriate choice of curve and boundary terms they preserve half 
of the supersymmetries. 

The allowed vortex loop operators depend intimately on the choice of gauge and global 
symmetries, matter content and the action. Particularly, the non-trivial connection may be 
either for the gauge bundle, or a background connection for a global symmetry. In the next 
section we clasify the possible types of 1/2 BPS loop operators in M = 2 supersymmetric 

1 Preliminary versions of these results were presented by T.O at the "Autumn Symposium on String/M 
Theory", KIAS, Seoul September 17-21 2012, at Kyoto University and at Rikkyo University and by F.P. at 
the "II Workshop on Geometric Correspondences of Gauge Theories," SISSA- Trieste Italy, September 17-21 



2012. 
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theories on S 3 . Once we fix the path to be a large circle, a vortex loop operator is specified 
by some singularities of the gauge field, parameterised by a real diagonal matrix H (or for 
abelian theories a number 77) and by singularities in the matter fields, encoded by a complex 
vector B (or number /3)Jf| 

When B is completely generic, it serves effectively as a Higgs vacuum near the locus 
of the singularity. This can be made more precise by considering the gauge theory on 
H 2 x S 1 , where the singular classical solution becomes essentially a constant Higgs VEV 
on hyperbolic space H 2 (with a holonomy along the S 1 ). Localization reduces the partition 
function of supersymmetric theories on S 3 to a finite dimensional integral over constant 
matrices, parameterizing the Coulomb branch. Even though the Higgs mechanism breaks 
the gauge symmetry only at the singularity, since the remaining fields are constant, they are 
effected by this local breaking and are frozen at the origin of the Coulomb branch. This can 
therefore be considered as localization on the Higgs branch, rather than the usual Coulomb 
branch. 

We shall not perform the localization calculation of the the operators with singularities 
for the matter fields in this paper and restrict ourselves to the case with B = 0. 

Going back to the vortex loops without a singularity for the matter fields, only a holon- 
omy, these are studied in the following sections and supersymmetric localization is used 
to evaluate their expectation values. The localization calculations is similar to that in 
[31 HI O [7J 18] and the final result is a very simple modification of the resulting matrix 
model, where the measure is modified. 

In order to perform the localization calculation one should choose a localizing action, 
which for § 3 is the usual supersymmetric Yang-Mills action and the dimensional reduction 
of the 4d chiral action to 3d. Both are known to be exact under some of the supercharges 
which preserve the vortex loops, though it also requires keeping track of boundary terms 
in the action near the singularity. Supersymmetric localization should allow therefore to 
compute the exact vacuum expectation value of the vortex loop operators by modifying the 
action with this exact term, with a diverging prefactor the calculation reduces to evaluating 
the classical action and one loop quantum corrections around it. 

We proceed to study the one loop determinant by doing the spectral analysis in the 
background of the vortex loop operator. It breaks the supersymmetry of the vacuum, so 
the supersymmetry multiplets are short (similar to those on the deformed S> 3 [7J). It also 
effectively imposes modified non-periodic boundary conditions on the fields. We therefore 
classify non-periodic spherical harmonics on S 3 , which is mainly done in Appendices ID1 and [El 
and discussed in Section [3j For small vorticity we expect that the spectrum does not change 
much (except for possible new almost zero modes). Indeed the spectrum is continuous with 
the vorticity parameter. 

The result of the calculation is the usual finite dimensional matrix integral with an 

2 There is an obstructions to having a singularity for the matter fields in the cases of Ef. 
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imaginary shift of the Coulomb brach parameters. The same shift appears in the one-loop 
determinant and in the classical action. When the vortex is in a gauge connection, these 
parameters are integrated over and by contour deformation the result is trivial (up to a 
simple overall factor). When the vortex is defined for a background global symmetry the 
result is non-trivial. 

As the vorticity grows larger, some modes which were perfectly regular turn singular, 
and worse, non-normalizible. Yet from physical considerations, invariance under large gauge 
transformations implies that gauge vortex loops should be periodic in the vorticity, and since 
they are constant for small vorticity, we conclude that they remain always constant. We thus 
propose a prescription for which modes to include in the spectrum and how to perform the 
integration over the Coulomb-branch parameters which guarantees this behavior for the 
gauge vortex loops and gives a prediction for vortex loops of global symmetries. 

We also compute the partition function and the expectation value of loop operators on 
the deformed sphere §jj as well as S 1 x S 2 . In both cases the effect of the vortex loop 
operator similar to that on the round S 3 : Vorticity in the gauge connection has no effect 
and vorticity for a flavor symmetry leads to shifts in physical parameters. To compute the 
one-loop determinants on these geometries, we apply the Atiyah-Singer index theorem for 
transversally elliptic operators by generalizing the method used in [3J. In particular we 
manage to apply the Atiyah-Singer index theorem despite the absence of fixed points for 
relevant isometries on these manifolds. 

We will also provide an intuitive explanation for how abelian mirror symmetry acts 
on vortex and Wilson loop operators, using the BF coupling between dynamical and non- 
dynamical gauge fields. 

The vortex loop operators share some similarities to 't Hooft loop operators in four 
dimensions, whose exact expectation value in M = 2 supersymmetric gauge theories was 
recently calculated in [9l[T0]. They are both disorder line operators. They are also related 
to surface operators in 4d, see [TT1 [T2] being co-dimension two defectsjfl Like the surface 
operators, the vortex loop operators may involve a singularity for the matter fields as well 
as a non-trivial holonomy. We hope this work would be useful for an exact calculation of 
the expectation value of a BPS spherical surface operator in 4d. 

Vortex loop operators with quantised vorticities are the same as Dirac strings, they may 
start and end on monopole operators. The ones we consider, though, permeate all of space 
(or a closed curve) instead of starting at a monopole. While in the presence of a monopole 
a cycle wrapping the string can be deformed and contracted to zero in a regular way on the 
other side of the monopole (so a Wilson loop around this cycle has to have trivial VEV), 
in the absence of the monopole, when considering an infinite or closed vortex loop operator, 
the holonomy does not have to be trivial and the vorticity may be non-integer. 

3 Whcn a 3d theory lives on the boundary of a 4d spacetime, a bulk surface operator [11] ending on the 
boundary along a loop induces a vortex loop in the 3d theory. 
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It is important to distinguish between the vortex loop operators and dynamical vortices, 
like those of Nielsen-Olesen or Abrikosov, or those in supersymmetric theories studied in [T3] . 
These vortices are dynamical objects, solutions to the vacuum equations of motion, while the 
vortex loop operators are external probes of the theory. If it were not for special boundary 
terms, the action of the vortex loop operators would diverge. But there is a relation, as a 
singular limit of the smooth solitonic vortices does reproduce the semiclassical vortex loop 
operator. The relation between the two is analogous to that between an 't Hooft-Polyakov 
monopole and an 't Hooft loop. 

As this manuscript was being finalized the paper of Kapustin, Willett and Yaakov [H] 
appeared. That paper shares the same topic as ours and has a great deal of overlap to our 
discussion of vortex loop operators on the round S 3 . 



2 Half-BPS loop operators 

Loop operators are non-local gauge invariant operators supported on a closed one-dimensional 
line. In three dimensional gauge theories there are two types of loop operators: Wilson loops, 
that are order type operators, and vortex loops that are disorder type operators. In the fol- 
lowing, we provide a definition of the latter in a generic Euclidean theory on §> 3 with J\f > 2 
supersymmetry. Most of this is carried over to the cases of § 3 and S 2 x S 1 discussed in Sec- 
tions H] and |5j It is assumed that the field content of the theory includes at least an M = 2 
vector multiplet, that is a gauge field A^, two spinors A and A, and two auxiliary real scalars 
D and a. This multiplet may be gauged or associated to a global symmetry. The matter 
vortices require of course matter fields, the dimensional reduction of a chiral multiplet in 
4d with scalar <j>, spinor ip and auxiliary field F and antichiral multiplet with 0, ip and F. 
The parameterizations of the round S 3 that we consider in the following are described in 
Appendix |A] and few aspects of supersymmetry on S 3 are collected in Appendix [B] 



2.1 Half-BPS Wilson loop 



Before focusing on vortex loop operators let us recall the construction of the half-BPS Wilson 
loops in M = 2 supersymmetric theories in 3d [15] . We will then study all the singular field 
configurations preserving the same supercharges. 

The ansatz for a supersymmetric Wilson loop operator is given by 



1 



R 



dimi? 



a\x\) 



(2.1) 



where x M (r) parametrizes the curve on which the Wilson loop is defined, V denotes path- 
ordering and R is a representation of the gauge group. Applying the supersymmetry varia- 
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tions (1B.5|) to this operator it results [I] 

6W R oc - \x\) (7^ - e (2.2) 

and this is zero if 

e (7^ - = , (7^ - \±\) e = , (2.3) 
or equivalently, using ee = ee and e7 M e = — e7 M e for fermionic SUSY parameters 

(7^ + 1*1)6 = 0, (7^-1x1)6 = 0. (2.4) 

From these equations, it follows that a Wilson operator defined on a loop such that 

x^ = Re^ (2.5) 

preserves the supersymmetry generated by e and e that satisfy 

( 73 -l)e = 0, ( 73 + l)e = 0. (2.6) 

We consider the Hopf fibration metric (1A.5I) with the left invariant vielbein (1A.6I) . since 
in this vielbein basis the Killing spinors e and e are constant. Given the expression for 
the inverse left invariant vielbein (1A.7I) , the condition (12. 5ft implies that the Wilson loop is 
extended along a curve parametrized in the Hopf metric ( 1A.5I) as 

9 = const , = const , ip = 2r , < r < 2vr . (2.7) 

Or in terms of the complex coordinate (u, v) in ( 1A.11) as 

u = u e iT , t; = t; e ir , 0<r<2vr, (2.8) 

with arbitrary |^o| 2 + |^o| 2 = R 2 - We will concentrate on the case of the loop at no = which 
is 9 = in the Hopf coordinates. The submanifold described by 9 = is codimension-2, 
since the metric (1A.5|) reduces to 

ds 2 = ^(dtp + d<f)) 2 (2.9) 

and therefore, at 9 = the loop is extended along ip + 0. In the torus fibration coordinates 
( IA.8j) . the loop is extended along ip 2 . 

Considering the commutators of the supersymmetries generated by e and e that satisfy 
( 12. 6p . one obtains the expression ( IB. 61) where 

t, e = 0, v* = 0, ^ = 4^7 3e ' ( 2 - 10 ) 

R 

that implies that the commutator of the supersymmetry includes a translation along the i/j 
angle that is a symmetry of the Wilson loop. 
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2.2 Half-BPS vortex loop operator: Vector multiplet 

Our purpose is not to study Wilson loops, which are electric order operators, but rather 
vortex loop operators, which are disorder operators. That amounts to considering the theory 
where certain fields have a singularity along a curve on §> 3 , which we take to be the same 
curve 9 = as the aforementioned Wilson loops. We restrict to singularities which preserve 
the supercharges with parameters e and e satisfying the conditions (I2.6P as above and use 
the localization scheme of [3j H] to evaluate their expectation values. 

We first examine which field configurations are invariant under the supercharge generated 
by e, which will restrict the allowed form of the singularities. Imposing reality of all the fields, 
then from the SUSY variation 5 e X = in (IB.5j) we obtain 



l-e p , u F^ + D p a = 0, D + ^- = (2.11) 
2 K 



and from 5 ? A = 



le ppu F^ + D p a = 0, D + ^- = (2.12) 

A field configuration that is invariant under the full set of supersymmetry preserved by the 
half-BPS wilson loop (EHD, satisfies 5 € X = <5 e -A = 0. Combining the (12TTTT) and ( 12321) we 
obtain 

F pu = 0, D p a = 0, D = -^- ( 2 - 13 ) 

These are the same as the solutions to the localizing equations considered in [U [5] and 
therefore we will be able to use the same localizing action. 

In studying the S 3 partition function the only classical solution of the supersymmetric 
Yang-Mills and Chern-Simons actions satisfying these conditions and the equations of motion 
are A p = 0, a = and D = 0. Off-shell BPS configurations include also a constant matrix 
<j — <tq and D = —a /R. In studying the vortex loop operators we allow in addition 
singularities for the gauge field at 9 = 0. It is easiest to write the solution in the torus 
fibration coordinates ( 1A.8|) where the vortex is at $ = and is extended along the ip2 circle. 



The curves along tpi at fixed are linked to the vortex, and therefore may have a nontrivial 
holonomy. We choose a gauge where 



/r)i®l Nl --- \ 
~-H= : ■-. : 

\ • ■ ■ tjm ® InmJ 



(2.14) 



The allowed choices of H depend on the details of the gauge theory including the matter 
content. The requirement is that all observables are single valued when winding around 
the vortex loop <pi — > ipi + 27T. This includes the action, which should be well defined (up 
to integer shifts by 2ir, as usual for Chern-Simons theory) and any gauge invariant local 
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operator. This is automatically satisfied if all the fields of the theory are single valued, 
which happens if the eigenvalues rji of H are all integers. Of course, if this symmetry is 
gauged, then integer values of rji can be undone by large gauge transformations. 

Local observables are gauge invariant under any gauge transformation and therefore will 
not be affected when rotating around the vortex loop. The partition function of Chern- 
Simons is not invariant under large gauge transformations, which leads to the usual quanti- 
zation of the Chern-Simons level k. The presence of a vortex loop operator further restricts 
k such that kH/2 is a weight vector of a unitary representation of the gauge group [16]. For 
a fixed k this is a quantization condition on H. 

In the Hopf coordinates flA.5j) . the vortex is associated to a constant gauge field 



4° } = Af = - L -H Af = ~H. (2.15) 



given by 

2 ^2 

Away from the singularity, this constant vector field configuration satisfies F^ u = 0. Indeed, 
in the presence of the vortex, the topology of the S 3 is modified to S 1 x D and it is hence 
possible to have non-trivial flat connections. 

An important point to notice is that thus far the background of the vortex does not seem 
to break any supersymmetry, as a flat connection is a solution to both the BPS and anti-BPS 
equations. One has to examine the singularity at 6 — > to see that it indeed breaks half 
the supercharges. This is done in Appendix (CJ where we write down the boundary terms for 
the Yang-Mills, Chern-Simons and Fayet-Iliopoulos actions and verify that the vortex loop 
operator breaks half the supersymmetries. 

Given the singular behavior (I2.14p at 9 = 0, the most general solution to the BPS 
equations (12.1 3p has this exact value for the gauge field as in the classical solution and in 
addition we can turn on a = oo and D = — ^ where o"o is covariantly constant, i.e., 

D<%b = 0, (2.16) 

and the covariant derivative D ® is defined using the constant connection A ® (I2.15p . 
If we label (o"o) ? j one of the components of <To in the i,j block, then (12.161) gives 

d^oYj - Jfe-^Wj = o 

2 (2.17) 

MwYj + liVi-Vj) (^ = 

For i ^ j (mod 1) the only regular periodic solution to these equations is (c"o)*j = 0. For 
generic r\^r\j the only nontrivial solutions are therefore for i = j, and this component (oo)^- 
can be an arbitrary constant. 

If the vortex loop operator is defined for a gauged vector multiplet (rather than a back- 
ground vector field), we should define the integration measure. Since for generic H the 
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allowed values of <jq are automatically diagonal, there is no extra Vandermonde determi- 
nant. 

If there are degeneracies, and the singularity preserves a non-trivial Levi group U(Ni) x 
• • • x U(Nm), the resulting Vandermonde determinant involves only the eigenvalues within 
the different blocks along the diagonal 

M N m 

n n [Kw-KUi] 2 , (2.18) 

m=l i<j=l 

where we labeled (<To) m ,i the i th element on the diagonal of the m th block of ao- 

Note that the symmetry is enlarged (and the resulting Vandermonde) also for values 
of rji differing by integers, as can be seen by the periodic non-trivial solutions of (I2.17p . 
Furthermore, if some r\i form a representation of Z n for some n < N, so f]j = j/n (mod 1) 
for j = 1, • • -n, then an S n subgroup is preserved allowing for twisted solutions which are 
periodic only up to S n transformations. Such solutions are important in ABJM theory [2] 
and exist also for surface operators in M = 4 SYM in four dimensions in [17] . This mimics 
the construction of "long strings" in M(atrix) theory [T8| [T9]. 



2.3 Half-BPS vortex loop operator: Matter multiplet 

We turn now to the matter sector, whose supersymmetry transformations are written in 
Appendix IB. 31 We shall find non-trivial profiles for the scalar field which are invariant under 
the same supercharges as the Wilson loops and the vortex loop operators from the vector 
multiplet. 

2.3.1 Abelian theory 

Let us start with an abelian theory. Assuming the supercharges satisfy the half-BPS condi- 
tions in (12. 6p . the vanishing of the variation of ip and ip in (IB.13P give the equations 



ie^D^ + ia<P - -<j> = , (e/ + %e 2 ll )D^ = , F = 

ti 



A - 



(2.19) 



ie^D^ - ia<f> + —<f> = , (ei" - ie 2 »)D t jj> = , F = . 



where e a M are the inverse vielbeins in (1A.7|) . This expression applies for a massless field 



charged under a single gauge group. For a field charged under two groups there would be 
the appropriate modification to the connection and likewise a would be replaced by the 
difference of er^ of the two vector multiplets. As usual a mass term is like a a field for a 
non-dynamical vector field. 
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In terms of the Hopf coordinates (IA.5I) the equations for are9 



D^cf) = ~(A - iRa)(f), (sin dDo-iD^ + i cos 6D^)(f) = (2.20) 

We saw already that the supersymmetry conditions of the vector multiplet restrict a = a 
a constant. For real ctq ^ the first equation does not have periodic solutions other than 
= 0. For (To = (or in the case with more than one gauge multiple or a mass term, the 
vanishing of their sum) there are extra solutions of the form 

cf>(6, 0,^) = e -^0(0,0), (2.21) 



with 0(6*, 0) satisfying 



sm6d e -id.fi- ~ + — cos0 



where rj is the gauge vorticity ( 12.141) for an abelian theory, i.e., H — rj. With the ansatz 
0(0, 0) = e m< ^0 n (0) we get the solution 

0.(0) = ^ sin" V-^cos-^"^ (2.23) 

The values of (3 n are determined by specifying the singularity of the field. This ansatz allowes 
for singularities and zeros at = and = it, but by taking linear combinations of these 
functions one can get singularities at any point on the base parameterized by (0, 0). 
In terms of the torus coordinates (1A.8|) the solution is 

0(tf , tp u <p 2 ) = ^ (sin $ e** 1 ) -^- n (cos i? e^ 2 ) -^ +n e " 4W1 (2.24) 

Requring periodicity in the <£>2 direction enforces n — (A + ?])/2 to be an integer. Furthermore, 
if we want singularities only at d = 0, then this integer cannot be negative. The simplest 
and least singular case is when it is zero, which gives 

0(^i, y 2 )= ( J. A (2.25) 

The behavior of the scalar field near the singularity is determined by its dimension A (and 
in addition the holonomy 77). For a scalar of canonical dimension A = 1/2 this is 

m<Pi,<P2) = ~ £ . = . ■ (2-26) 



4 Hopefully there will be no confusion between the field 4> and coordinate (j). 
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The field is complex, but the parameter (5 can, without loss of generality be taken real. 
Its phase is unphysical as it is modified by taking tpi — > tpi + 2ir and can be changed by a 
gauge transformation with a constant gauge parameter. 

One can also formulate the vortices in flat space (and on H2 x S 1 ), as was done in [2]. 
The flat space vortex arises in the large R limit after replacing i?sin$ — > r, cos$ — > 1 and 
Rip 2 —> x 3 . After rescaling we get the solution 

0(r,^,x 3 ) = n (re^)~ n ~ A/2 (re^) ,/2 (2.27) 

In the special case of n = we get from f!2.25j) 

a e -iw 

<j>(r,<pi,x 3 ) = ; , A (2.28) 
(r e^ 1 ) 

This indeed matches with the vortex in ABJM theory [2] once we set A = 1/2 and 77 = (in 
[2] there was a gauge vortex, but it was in the diagonal sum of the two gauge groups which 
the matter fields are not charged under). 

So far we discussed only the field 0. The same analysis applies also for the field 0, once 
we require the invariance under the e variation. 



2.3.2 Non-abelian theory 

Turning to the generic non-abelian theory, the matter fields are in some representation R 
of the gauge group. We denote the generators of the algebra in the R representation as 
{X^, Kf 1 ), where K^s span the Cartan subset. The normalization of the generators is such 
that Tr(X*X*) = 5 a+Pfl and (X^ = X* a . 

The weights of R are denoted as p and the associated state is \p) such that for the Cartan 
generators K^\p) = pi\p). The scalar field of the chiral multiplet is expressed as 

= $>» ( 2 - 29 ) 
p 

and likewise the other members of the multiplet. For the antichiral scalar we take bra states 

= ^0^1 (2.30) 

p 

where (p\p') = S PiP r. The fields of the vector multiplet, which are in the adjoint representa- 
tion, appear in the chiral lagrangian and the supersymmetry transformations accompanied 
by the generators of the algebra in the representation R, so for example 

o -> ^Kf + a a X* . (2.31) 
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Then the first equation in (I2.19P becomes for a generic representation 



p (2.32) 
+ E + IP) = , 



p,p 



For a = and A^ as in (I2.14p . the second line of this equation vanishes and we find dim(i?) 
copies of the scalar equations in (12.1 9p . The solution is then as in (12.2 



RP p -ip{H)fi 

m Vu V2) = £ ~~~~ ; ■ : Ta Ip) , (2-33) 



which can also be written as 

The simplest solutions to the BPS equations are when either a = 0, which allows for 
arbitrary /3 P , or when = which allows for arbitrary constant a = (Tq. More generally 
one can turn on just some components of a and then there will be a restriction on which /3 P 
may be nonzero. Viewed the other way, Choosing non generic (3 P will leave some residual 
symmetry and the components of a in the directions of the generators of this preserved 
symmetry will not be frozen to zero and will have to be integrated over after localization. 
For example, if R is the fundamental representation of U(N) and /3* = for i — 1, • • ■ ,n, 
then there will be a residual U (n) symmetry and after diagonalization, n elements of o"o to 
integrate over. If n of the (3 l, s are equal to each-other but non zero, the symmetry will be 
SU(n), and so on. 

This analysis is nothing different from the usual breaking of gauge symmetry by the 
Higgs mechanism, only that here the scalar fields get a non-trivial profile, instead of a con- 
stant VEV. As mentioned in the introduction, this profile becomes constant upon conformal 
transformation to EI 2 x S 1 . 



2.4 Vortex and Wilson loop operators for flavor symmetries 

Before plunging into the localization calculations we want to explore the relation between 
Wilson loop operators and vortex loop operators in different M = 2 theories. A useful 
generalization of the loop operators discussed above is to consider operators defined with 
respect to global rather than gauge groups. 

Given a global symmetry which commutes with supersymmetry (hence not an i?-symmetry) , 
it is natural to couple its current to a background, non-dynamical abelian gauge field A^ 
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through the coupling in the action^ 

' A^f, (2.35) 



which can be supersymmetrized. This procedure is sometimes called "gauging", but we 
reserve the term for the case when the gauge field is dynamical. The vortex loop operator for 
this global symmetry is defined by letting the non-dynamical gauge field have the singularity 

TO 

A~r}d(p u (2.36) 

where tpi is the angular variable in the locally defined polar coordinates on the plane orthog- 
onal to and centered at the loop. Whether this definition gives a BPS vortex loop depends 
on the space-time geometry since we need a globally defined supersymmetric profile of 
with the singularity (I2.36p . In the case of S 3 discussed so far (and §^ and S 1 x § 2 studied 
later) this is indeed the case. 

Consider a vortex loop for the topological symmetry U(l)j generated by the current 
jm = \ e ^pp vp ^ the Hodge dual of the field strength of a dynamical abelian gauge field. This 
vortex loop is simply a rewriting of the usual Wilson loop. The singularity (I2.36P means 
that the non-dynamical field strength A has a delta function, and the coupling (I2.35p . which 
is precisely the BF coupling (IB. 18[) . becomes 

J AAF = J dAAA = rj j A + J dAAdA, (2.37) 

where A is the dynamical gauge field and the underline indicates the smooth part of the 
field. Thus the singularity induces a Wilson loop (of charge 77). This argument can be 
supersymmetrized. See Section [3] 

Though somewhat trivial, it is also natural to define Wilson loop operators associated 
with a global symmetry as the insertion of the function 

e^+-) , (2.38) 

where for supersymmetry one needs an appropriate curve for integration and certain terms 
in the ellipses. Since A is non-dynamical, this term factors out of the path integral and is 
given by its background value. 

In the case of the topological symmetry U(l)j, the associated Wilson loop is in fact a 
gauge vortex loop, define by the singularity (12.141) in a dynamical gauge field A (12.141) . This 
can be seen through a manipulation similar to (12.371) : 



exp J A A F + . . .J = exp yj> iA + . . . + i J A A F + . . . J , (2.39) 
where the ellipses indicate terms necessary for supersymmetry. 



1 If the global symmetry is non-abclian, we can use its Cartan subalgebra to define the flavor vortex loop. 
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This analysis applies to all vortex loop operators for dynamical gauge fields, and we can 
therefore conclude that they have a trivial expectation value, apart for a possible simple 
multiplicative factor. This will be verified in the rest of the paper by explicit localization 
calculations. 

To prevent the impression that the following is an exercise in futility, we should point out 
that not all vortex loop operators are trivial. We saw above that vortex loop operators for 
the topological symmetry are the same as Wilson loops, which are not trivial. That still is 
not so exciting, as we can use the standard definition of the Wilson loop and do not require 
to define it via the vortex loop. If there is a global symmetry under which some of the chiral 
fields are charged (i.e., a flavor symmetry) then the flavor vortex loop for that group will not 
be trivial nor trivially related to a Wilson loop operator j^j Indeed as we explain in Section [61 
under abelian mirror symmetry flavor and topological symmetry are exchanged, so the flavor 
vortex loop operator gets mapped to the gauge Wilson loop operator. 

This statement may seem surprising, since we are accustomed to continuous holonomies 
and discrete electric charges. It is therefore important to analyze which values of charges 
are allowed for the BPS loop operators. The answer seems to depend on the topology of the 
space. 

As discussed after (I2.14p . in the case of S> 3 the holonomies can be continuous, which is 
true also for the squashed sphere § 3 discussed in Section HI The situation on § 2 x S 1 discussed 
in Section [5] is slightly different. In that case introducing a non-integer vortex at the north 
pole of § 2 (wrapping the S 1 ) would automatically induce also a singularity at the south pole. 
The total vorticity will cancel, unless we introduce a nontrivial transition function at the 
equator, in which case the total vorticity is integral. The conclusion is therefore that each 
vortex can have a continuous parameter, but the total vorticity has to be an integer. 

Normally Wilson loops are defined only for integer electric charges, which is due to the 
fact that the gauge group (in the abelian case) is U(l) rather than R. But on S 3 , which is 
simply connected there is no obstruction of using R, with continuous electric charges, as the 
gauge group. The mirror of the flavor vortex would be such a Wilson loop. On 8 2 x S 1 there 
is a non-contractable cycle and large gauge transformations can wind around it leading to a 
quantization condition. Again, we can locally break the abelian Wilson loop into two which 
are not integer, say one at the north and one at the south poles of S 2 , but the total charge 
is quantized, which matches the mirror picture of the vortex loops. 

3 Localization on S 3 and harmonic analysis 

In this section we describe the localization of M = 2 theories on the round S> 3 in the presence 
of a vortex operator defined in (I2.14p . We use the conventions of |2Uj . 

6 Likewise, it is not clear whether the matter vortex loop operators of Section [231 are trivial or not. 
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The gauge vortex loop operators are given by a choice of a real diagonal matrix H 
( I2.14p breaking the gauge symmetry near the singularity to a subgroup. In the most general 
case, where all eigenvalues of H are distinct, the gauge symmetry is broken to the Cartan 
subalgebra. For degenerate H there will be some residual gauge symmetry. 

In the proceeding we will study the partition function of generic supersymmetric theories 
in the presence of a gauge vortex loop operator. The calculation is done using localization 
techniques and we will not impose any condition on the matrix H. In the presence of 
Chern-Simons terms the allowed values of H are quantized, so this extra condition has to 
be imposed [T6] . 



3.1 Classical factor 



The localization calculation reduces the path integral on S 3 to a finite dimensional integral 
over BPS configurations. This is achieved (see Appendix [D]) by adding Q-exact terms to the 
action, whose bulk part is proportional to the SYM and/or the Chiral actions. The modified 
action determines the localization locus and the 1-loop determinant about it. This locus 
turn out to be given by 5X = 0, which are just the BPS equations (I2.13p . We thus have the 
classical vortex configuration and in addition should integrate off-shell over the covariantly 
constant <To matrix. 

The original action does not necessarily vanish on the BPS configurations. We calculate 
this contribution first. 

In the gauge sector there may be a supersymmetric Chern-Simons term with integer level 
k. The action on S 3 is 



>scs 



k 

Air 



Sx^fg Tr 



eT" ( A»d v A p 



2i 



XX + 2Da 



(3.1) 



Including the boundary term (IC.11I) , which is required for supersymmetry and gauge invari- 
ance, and evaluated on the off-shell vortex configuration we find 



iS^i + i<S| PS = [ d 3 x^ Tr [-2^1 + kR [ dip 2 Tr[Ha ] = -mkTi \R 2 al 

47T J R J 



-1X1 



kTi [(Ra + iHf + H 2 ] . 



It is also possible to include the supersymmetric Yang-Mills action on S 3 



'SYM 



9ym 



d^x^fg Tr 



1 



4 



a 



l -XYD,X+ l -X[a,X] 



R 



2iRHa ] 
(3.2) 

(3.3) 



Both the bulk and boundary terms (1C.5|) of the SYM action vanish on the BPS vortex 
configurations. 
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Lastly, another possible supersymmetric term for an abelian vector multiplet is the Fayet- 
Iliopoulos action 

< f * rz (rs ° 



s 



FI 



J Sx^g (d-£). (3.4) 



2ttR 

Together with the boundary term (IC.24I) we find 

^fi PS + ^! PS = 2m£(RcT + irj) (3.5) 

The matter fields are described by a chiral multiplet in a generic representation R of the 
gauge group, possibly reducible. The supersymmetric action for a chiral multiplet with fields 
with arbitrary dimension A is given by 

- , i(2A-l)- A(2-A)- 
£ c hirai = D^Dy + (j)a 2 + 1 - L (f>a(f> + 1 p2 J <M> + i(f>D4> + FF 

_ f A _ x _ R (3-6) 

— iip'y^D^ip + iipaip + iijj\(f) — i^Xtp 

We perform the localization calculation here only the vortex loops with vanishing <j), so this 
term in the action vanishes on these BPS configurations. 

The terms calculated above can also be understood directly from the bulk action by 
including delta function sources for the fields. The singularity f)2.14p characterizing the 
vortex loop creates a delta function 5 in F^ v supported along the loop: 

= #5(loop)e^ + F^ . (3.7) 

Here t M = %-/|^| is the unit tangent vector to the loop, and we indicate the smooth part 
of the field by an underline. In order for the gaugino variations (SX, SX) in flB.5|) to vanish, 
the generators (e, e) must be the eigenspinors of ^7 M , 

t^e = T^, t^e = ±e, (3.8) 

and the auxiliary field D must develop a delta function singularity: 

D = T H5 + D. (3.9) 

In the localizing configurations in the presence of a vortex loop, F^ v and D have singularities, 
and the smooth part of the fields are given by the localizing configuration without a vortex 
loop. Let us assume that the adjoint fields take values in the Cartan subalgebra. The 
delta functions then generate a supersymmetric Wilson loop with charge —kH from the 
Chern-Simons action (I3.1I) : 

e -iS 3 03[A M ,D, m ] _ e -iS S cs[A^D,...] e -kHTr§(iA±a\x\dr) _ (3.10) 

Then the second term in the final expression of f)3.2p is precisely the Wilson loop contribution. 
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In addition to the vortex we may have a Wilson loop which links it and does not break 
any further supersymmetry. From (12 .ip we see that we will get a term 

W cl = Ti R [exp (27r(Ra + iff))] . (3.11) 

Examining the classical pieces in the different actions as well as in the Wilson loop, we 
see that the inclusion of the vortex amounts to the simple replacement Ra^ — > Ra^ + iH. 
The only exception is in the case of Chern-Simons, which has an extra —7rikTY(H 2 ), which 
is a simple constant multiplicative factor. 



3.2 Fluctuation determinant 

The localizing action on S 3 is written in Appendix [D] and is the sum of the SYM action 
and in the presence of matter fields also the chiral action, both multiplied by an arbitrary 
constant t. For large t the path integral reduces to the saddle points of the action and the 
one-loop determinant about it. 

In Appendix [D] the resulting kinetic operators are written down and diagonalized. For 
the vector multiplet they are 

VW = V M + ta(4?>) (3.12) 

which is the usual Laplacian in the presence of the background gauge field. The back- 
ground field can be removed by a singular gauge transformation (1D.8[) . which makes all the 
fluctuation fields $ non-periodic. Rather, they satisfy 

$ Q (tf, w + 2tt, cp 2 ) = e 2 ™^$ a (A <p 2 ) 
$ a (#,< P i,<p 2 + 2ir) = $ a (#,<p 1 ,<p 2 ) 

The spherical harmonics with non-standard periodicity conditions are studied in Ap- 
pendix [E] and give for the vector multiplet the product representation of the determinant as 

ADHD 

oo 

^Too p(^o) = J] II (" 2 + "(^o + iH) 2 ) {n 2 + a(Ra - iH) 2 ) (3.14) 

a>0 n 

For a(H) = the product over n starts at n — 1, but for a(H) ^ we expect there to be 
extra fermionic (almost-)zero modes and the product starts at n — 0. In that case we find 
after regularizing the infinite product flE.52[) 

^Toop(^o) = J] ~2 sinh 2 (™(^o + iH)) (3.15) 

For a(H) = this is multiplied by an extra factor of l/a(Rao + iH) 2 . This extra factor 
exactly cancels the Vandermonde determinant, which as discussed at the end of Section l2~2l 
appears only in the case of degenerate H. 
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n = 2 

Figure 1: Fluctuation modes of a chiral multiplet. The lattices represent states 
with principle quantum numbers n = 0,1,2 and the allowed values of m and m! . In 
the presence of the vortex these multiplets are broken to smaller ones encapsulated 
by the ovals. Only the short representations (with two modes) contribute to the 
determinant. 

A similar analysis for the chiral multiplet in Appendix ID. 21 leads to f ]D.28j) 

-fm( :t^n£tlg )" = n-^A-^*)) (3.»> 

n=l p p 

p are the weights of the representation of the matter fields and Sb(x) is the double sine 
function 

3.3 Spectral analysis 

We have now found that the different ingredients making up the matrix model representation 
of the S 3 partition function of an M = 2 supersymmetric theory in 3d are modified. The 
contributions of the CS and FI actions evaluated on the BPS configurations are given by 
(13. 2p . (13. 5p respectively. The one loop determinants for the vector and chiral multiplets are 
in (I3.15P and (I3.16p . Rather surprisingly, the change to all of them can be accounted by an 
imaginary shift cro — ► c"o + 

iH/R% This is also true for the expectation value of a Wilson 
loop in the presence of the vortex (13.111) . 

Since o"o is integrated over, the deformation of the contour of integration will not change 
the answer as long as no singularities are crossed. The conclusion, as predicted in Section [231 

The one exception is the CS term which has an extra —irikTi~(H 2 ) term in the action, which gives an 
overall multiplicative factor to the partition function. 
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n = 2 + T] 




n = 1 +rj 




Figure 2: After introducing rj = 1/2 the entire spectrum in Figure [T] is shifted by 
m — > m + rj/2 and ml — > w! + 77/2. For the multiplets under the dashed line the 
principle quantum number is shifted n — > 71 — 7] and above the dashed line n — >• n + rj, 
which effects the determinant. 



There are some subtleties in this statement due to the fact that the double sine function 
arising in the one-loop determinant does have poles at integer values of H. In this section 
we discuss these subtleties and their origin and propose a prescription to resolve them. 

Let us recall the periodicity property of Sb=i- 

After the imaginary shift of <To, the determinant for a chiral field is given by (ID.28|) . For 
n — 1 this is 

Sb=i{i — iA — (Ra + irj)) = — sin(7r(z — iA — Ra )) Sb=i(i — iA — Ra ) . (3.17) 

7T 

The situation for the vector multiplet is simpler, since the adjoint representation is self 
conjugate. Under an integer imaginary shift sinh(7r(-Ro"o + in)) = (— l) n sinh(7ri?cr ) H3. 15|) . 
The other change is that the denominator l/(7r(i?o"o + m)) which usually cancels the regular 
Vandermonde factor is no longer there, due to the extra goldstino zero modes. 

But the transformation of the chiral multiplet (I3.17P is a nontrivial transformation, mean- 
ing the spectrum of fluctuations really changes even for integer 77. This is illustrated in Fig- 
ures HE Starting with a supermultiplet of the OSp(2\2, 2) supersymmetry group on § 3 , the 

8 Note that in pure topological Chern-Simons theory a non-supersymmetric vortex loop operator was 
defined in |16j and it was argued there that it is nontrivial and equal to a Wilson loop observable. 




is therefore that at least for abelian theories the vorticity H does not effect the partition 
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n = 2 



Figure 3: For rj — 1 the spectrum is shifted by a full integer. Here are the new states 
with principle quantum numbers 0, 1 and 2. The states above the dashed line come 
from the original multiplet with n — t] and those below from n + t]. Compared to 
the spectrum in Figure [U with the same value of n, there are the same number of (ft 
modes, but an extra {^ + ,F} short multiplet, and one {0, short multiplet gets 
enlarged by an extra ip~ and F mode. 



vortex breaks the symmetry down to Si7(l|l, 1), and the original symmetry is not restored 
at integer rj, leading to a different multiplet structure. The breaking of the supersymmetry 
multiplet of fluctuation modes is analyzed in Appendix IE.4I 

Exactly half of the states with principle quantum number n get deformed to states with 
quantum number n — r\ and half to n + rj. For small rj > there are (n + l)(n + 2)/2 
modes of the scalar field (f> with n + r] and n(n + l)/2 with n — rj. For t] = 1 there are 
(n + l)(n + 2)/2 + n(n + l)/2 = {n + l) 2 states with principle quantum number n, which is 
the same as the number for rj = 0. The number of fermi fields does change, with one extra 
fermion of either chirality. To keep the SUSY structure consistent, there are also two extra 
modes of the auxiliary field F. 

In terms of the multiplets of the smaller group, for rj = 1 there is one extra long multiplet 
and one less short multiplet with cf) and and one more short multiplet with ip + and F. 
The extra four modes are eigenstates of the Laplacian and Dirac operator with the relevant 
eigenevalues, which were not there for t] = 0, so these are modes which do not belong to the 
OSp(2\2, 2) representation. They are in fact singular modes, which normally are not included 
in the spectral analysis. They are part of larger nonunitary representations of this group, 
which are not part of the unitary subrepresentation. The explicit analysis of the spectral 
flow means that these states should be counted and they lead to the factor in (I3.17p . 

Of course if the theory has only self conjugate representations, or all representations are 
paired up with their conjugates, then there are extra cancellations and for integer rj one finds 
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only at most a sign factor. This is the case for theories with M = 4 SUSY. But as stated, 
for M = 2 SUSY, the effect of spectral flow is very nontrivial. 

The conclusion of the above discussion would seem to imply that the partition function 
in the presence of the vortex loop, while constant for < rj < 1, jumps for integer 77. This 
is inconsistent with gauge invariance, since integer values of 77 can be undone by large gauge 
transformations. There are two possible prescriptions that would reconcile this requirement. 
The first is to use the values of the 1-loop determinant that we have found, but keep the 
integration contour such that it does not cross the poles. The second possibility is to not 
do the spectral flow as discussed above, but as the singular modes show up in the spectrum, 
replace them with other modes which were singular before and now become regular. In this 
way we restore the original spectrum for integer rj. 

While the second possibility seems more appealing physically, an analysis of flavor vortex 
loop operators, where o"o is not integrated over seems to prefer the first interpretation. This 
allows for them to be dual to regular gauge Wilson loops under abelian mirror symmetry. 



4 Localization on by the index theorem 

In this section, we will compute by localization the expectation value of the gauge and flavor 
vortex loops on a deformation of three-sphere, which is commonly denoted as §>f and is 
defined below. As in previous sections, we will consider an arbitrary M = 2 gauge theory 
with a chiral multiplet in representation R of the gauge group. We will first explain how to 
use the equivariant index theorem to compute the one-loop determinant that appears in the 
partition function. Then we will apply the technique to compute the expectation value of 
the vortex loop. We provide many technical details in Appendix [F] 

4.1 Partition function 

This geometry §>l, also known as the ellipsoid, is defined by the metric 

ds 2 = R 2 (f($) 2 d$ 2 + b 2 sin 2 7? dip 2 , + b~ 2 cos 2 dip 2 ) , (4.1) 

where 

/(tf) = (6~ 2 sin 2 7? + b 2 cos 2 d) 1/2 . (4.2) 
To describe spinors, we will use the orthonormal frame given b}@ 

e 1 = Rb' 1 cos $d<p 2: e 2 = -Rbsm$d<p u e 3 = Rf($)d$. (4.3) 

9 Comparison with [7] is simple with this definition of e^ 1 : ($, ipi, ^2)here = (6, ~ Xj there- Also we 
have the following change of conventions: (A^C, e, A, -0)here = -(A^C, e, A, -0)there, (e, e) h ere = (— e, e)there, 

<ere = "^hcrO (F, F) heIe = (~F,-F). 
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For localization we will use the supercharge Q = 5 e + 8^ generated by the two spinors 




As shown in [TJ, these spinors satisfy a variant of the Killing spinor equations, ensuring that 
the algebra generated by supersymmetry transformations of fields on E>f closes. In particular, 
the supercharge Q squares to a sum of bosonic symmetries 

Q 2 = i£ v + ia- v^A^ + ^(b + b~ l )TZ , (4.5) 



where C v is the Lie derivativj^l along the vector field 



,, S ^„ A = + »_»_), (46) 

and 1Z is the generator of the R-symmetry. Note that in our convention, the lowest compo- 
nent (4> in Appendix IB.3|) in a chiral multiplet has eigenvalue 1Z = —A. 

In Section [3] and Appendix |Dl the one- loop determinant in the presence of a vortex loop 
on the round sphere Sf =1 was computed by expanding the fields in spherical harmonics. With 
the deformation b ^ 1 turned on, the analysis of harmonics is possible but more complicated 
[7J, especially when the vortex loop is inserted. We thus work in an alternative approach 
based on the equivariant index theorem [21]. First we will reproduce the known one-loop 



determinant that appears in the partition function on §jj. 

The computation of one-loop determinants in other geometries was carried out using 
the equivariant index theorem in [3j |9j [22]. In this approach, one deforms the action by 
tQ ■ V for some fermionic functional V, and one computes the signed trace (index) of e c( °^ 
in the cohomology of a differential operator D w that appears in Here c is an arbitrary 
constant that will drop out in the product. To simplify notation, we will set c = +iR. We 
choose 

^ = Kec + Khi, (4.7) 

where 

Kec = (QA)U + (QA)tA , = W)V + W)¥ • (4-8) 

We analyze these functionals and D\q in greater detail in Appendix (F[ As in Section [31 the 
path integral localizes to the configurations 

A^ = 0, a = constant , D = -a/R, = F = O. (4.9) 



10 Here the Lie derivative C v acts as (C v + iv v A v ) ■ = v u F vfl , C v w^ — v w V v w^ + [V ^v^w^ etc., and in 
particular includes a Lorentz rotation. We also note that C v + iv^A^ is a gauge covariant Lie derivative. 

11 More precisely, we add tQ ■ V to the action, where Q = Q + Qb includes the supercharge and the BRST 
charge, and V = V + V g h includes the ghost term V g h such that Qb ■ V g h is the gauge-fixing action. The 
differential operator D w appears in the part of V quadratic in the fluctuations around a saddle point, and 
the index is a signed trace of e c Q . See Appendix IF. 21 for details. 
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The one-loop determinant is obtained by the rule 

ind D w = cje w < Z 1Aoop = ]J wj Cj/2 . (4.10) 

j j 

We divide the exponents by 2 because we count contributions from real fields. 

In the set-ups of [3], [22], D w was transversally elliptic and the index ind(Dio) received 
contributions from the fixed points of the group action. In our case of Sj|, there is no fixed 
point with respect to the U(l) action generated by the vector field. How can we compute 
the equivariant index in such a situation? We first rewrite the gauge field v in terms of the 
Hopf fibration coordinates <fi = (f2 — <pi, "0 = y?2 + fi (See ( 1A.5I) ): 

v = {Rb)~ l d Vl + R^bd^ = R-\b + r 1 )^ + R~\b - r 1 )^ . (4.11) 

The vector fields and generate the action of two C/(l)'s, which we call H and G 
respectively. In particular, H rotates the Hopf fibers, and thus acts on freely. With 
respect to the H x G-action, D w fails to be elliptic but it is transversally elliptic. When part 
of the group action is free, a transversally elliptic operator can be reduced to a transversally 
elliptic operator on the quotient space [21], which is § 2 in our case. By the fixed point 
formula then, the index receives contributions from the fixed points of the other U(l) action 
generated by (9^0 In terms of the original three-dimensional geometry, these fixed points 
correspond to the circle fibers at the north and south poles of the S 2 (6 = 2$ equal to and 
7r respectively). 

Let us set Q = b + b^ 1 , a = Ra. We now compute the signed trace of e c< ^ 2 with c = +iR. 
As we show in Appendix [0 the reduction of D w to S 2 , for the chiral multiplet and near 
the north pole 9 = 0, is related to the Dolbeault operator D s = d s + iA s twisted by the 
gauge bundle by complexification: (D^)c ~ D%. The local complex coordinate is given 
by z ~ #e -i ^.E^| The equivariant index for the untwisted Dolbeault operator is (1 — t -1 ) -1 , 
where t G U(l) is the weight for the U(l) action z 1— > tz. The terms in the infinite sum 
(1-t -1 ) -1 = Y^T=o arise as the U (!) weights for holomorphic functions z k (fc = O,l,...)0 
We identify t with e^ b ~ b \ as the contribution to ind(-DJo')c from 6 = we obtain 

£ e ^ Q i- e ^) £^' ( 4 - 12 ) 

nGZ w 

12 This U(l) action is trivial for 6 = 1, but our results also hold in this case by continuity. 

13 The one-form in (|A.5[) can be written as dip + cos9d<p = d(ip ± <p) — (±1 — cos6)d<p. Thus at the north 
(south) pole 9 — (it) the base is parametrized by (6, <p) and the fiber by ip + (p — (ip — <p = <Pi)- 

14 Altcrnatively, the infinite sum arises from the monomial (0,0)- and (0,l)-forms of the form z k z k , z k z k dz, 
etc., with k, k = 0, 1, . . ., which contribute to the index X)fe°fe=o t~ k t +k (l — t) = (1 — t^ 1 )^ 1 . When the vortex 
loop is inserted, the allowed monomial differential forms get multiplied by z 1 ', where rj is an eigenvalue of 
the vorticity H IpTTg]) . 
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where the sum is over the weights in the representation R. Similarly, the fixed point 9 = n 
on S 2 , where we identify z ~ (tt — 9)e^ and t with e~ l ^ b ~ b \ contributes 

The index for the transversally elliptic operator is a distribution, and we should choose how 
to expand the rational functions (an ie prescription) in (I4.12p and (I4.13p l^l We choose to 
expand (14.121) as 

oo oo 

- J2 e mb e^ AQ e^ ( ^ 6_1) ^ e w a , (4.14) 

n.eZ k=l w 

and (jQ3]l as 

oo oo 

£ e^e^Q ^ e ik(b-b-^) e w - a . (4.15) 

By using the shift invariance 5^ neZ e mb± e ±jfcfe±1 = Xlnez em6± anc ^ t nen splitting J^ ngZ into 
Sn>o + X] ra <o m (I4-14|) and (I4.15p . we obtain the total contribution 



g^-^^AQ J2 e ikb e w ' a ~ e" iQ ^ e~ lkb e^ AQ ^ e~ inb ~ X ^ . (4.16) 

n=0 fc=0 ui fc=0 n=0 ui 

The rule f l4~T0|) applied to ind D$ = 2 ind(Dgf)c gives 
vchi _n n rnb + nb^ + ^ + iwa + ^l-A) _ TT 8 J®(l-£\-wft (417) 

^i-ioop-11 11 6 + n6 _ 1 + ? _ iti7 .*_fi (1 _ A) " IN,! 1 ^)-(4.i7) 

w€H m,n>0 2 2 \ > w&H 

This is the well-known one-loop determinant for a chiral field [7]. If we had kept the constant 
c arbitrary, it would have canceled between the numerator and the denominator. 

For a vector multiplet, the relevant differential operator is the differential in the de 
Rham complex twisted by the adjoint bundle. Since the de Rham and Dilbeault complexes 
are related by complexification (f2° = Q} c = fi 1 ' © f2 0,1 , fi^ = fi 1 ' 1 ), the index of the 
untwisted de Rham complex D^r : Q° — > Q 1 — > Q 2 on C is given as 

indL> dR = (-l + ?;- 1 )ind9= -1. (4.18) 

For real fields, we need to include a factor of | in the index. Let a denotes the roots of the 
gauge group. Then the north pole 9 = contributes 

-^E em6 E eQ '* ( 4 - 19 ) 



15 There are two allowed choices, and they are dictated by the signs of the deformation of the symbol 
associated with the differential operator by the vector field on § 2 [3T]. The two choices are related by the 
exchange b <-> under which (|4.17[) is manifestly invariant. 
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to ind(-Dio) for the vector multiplet, and the south pole 9 = it contributes 

-^E^E^- ( 4 - 2 °) 

The resulting one-loop determinant is 

Z l-Lp = II sin H^ ba ■ or) sinh(7r6 _ l a ■ a) . (4.21) 

The product is over the positive roots. This also agrees with the results in the literature [7]. 
4.2 Vortex loop expectation values 

On E>1 with 6^1, BPS loop operators can only be supported along the circle fibers at 
9 — 0, 7r. Let us for now focus on the gauge vortex loop with vorticity H along the fiber at 
9 = 0. This is characterized by A tpi = H as in (|2.14j) . We claim that it has the effect of 
shifting the contributions from both the poles as a — > b + ib~ l H. 

For the contribution from 9 = tt, the gauge parameter in (14.51) becomes a + i(Rb)~ l H 
simply because the gauge field is turned on. This induces the shift in a. 

The effect on the contribution from 9 = is more subtle. In Section [31 we constructed 
explicitly the eigenmodes of the kinetic operators on the round sphere. We saw that when 
the vortex loop is inserted and the eigenvalue r] of H is turned on, generically certain modes 
that are singular must be allowed to fluctuate, contributing to the one-loop determinant. 
The analysis there was global and specific to the round metric, but the local behaviors of the 
allowed singular modes must be intrinsic to the vortex loop operator. Thus in the current 
approach to the one-loop determinant based on the index theorem, we should compute the 
local contributions to the index by taking into account the local modes that are singular. 
This means that we should sum the f/Yl) weights for z k+v (k = 0, 1, . . .) instead of z k if we 
work in the gauge where A V1 is zeroo Then (I4.12p receives an extra overall factor e lh 
which is equivalent to shifting a — > a + ib^H. 

Thus the total effect of the vortex loop on the one-loop determinant is the shift a — > 
a + ib~ l H. This generalizes the results ( lXT5j) and ( rTX28]) for §f =1 to §jj. 

We also need to evaluate the Chern-Simons term in the presence of a vortex loop on Sjj. 
For 6 = 1, this was done in (13. 2p using the boundary term fIC.llj) . For E>1 with generic b, we 



can use the result (I3.10p that a Wilson loop is induced by the Chern-Simons term and the 
vortex loop. We find that 

„-iSscs\ _ irikTr(R 2 a 2 +2ib- 1 RkHa) 

6 |vortcx 6 . , 

_ e mkTr{&+ib- 1 H) 2 e wikb- 2 TTH 2 ^ ' ' 



16 See also footnote [TJ] If we work in the gauge where A V1 = H, the relevant modes are z k \z\ v and the 
independence comes from the term in Q 2 that involves A V1 explicitly. 
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Up to the last factor that we will drop below, the effect of the vortex loop on the Chern- 
Simons action is again the shift a — > a + ib~ x H . 

Repeating the same arguments above for a vortex loop with vorticity H at d = it, we 
find that the effect is the shift a — > a — ibH. 

For a gauge vortex loop for which the singularity is in a dynamical U(l) gauge field, 
the shift of a does not affect the value of the integral as long as H = 77 is small and the 
deformed contour does not encounter a pole of the integrand. Still, as shown in (I2.39p . in 
the presence of a BF coupling to a background gauge multiplet, the gauge vortex has the 
effect of multiplying the path integral by a factor depending on the background values of 
the non-dynamical fields. More precisely, with the supersymmetric BF coupling (IB.18j) . the 
gauge vortex loop induces the Wilson loop for the global topological symmetry 

exp ^77 j) (A + iads)^ (4.23) 

associated with the topological symmetry U(l)j. This evaluates to e~ 27Tb ^ in the back- 
ground (14. 9p . where ( = R( and ( is the FI parameter defined in flB.19j) . 



For a gauge vortex loop that has a singularity in a non-abelian gauge field, we cannot 
rule out the existence of non-perturbative corrections. 

On the other hand, if the singularity is in a non-dynamical gauge field coupled to an 
(abelian or non-abelian) flavor symmetry, a is replaced by a real mass and is not integrated 
over. Then the shift has a non-trivial effect. 

Let us summarize the results of localization calculation for vortex loops placed at i? = 
0/2 = and ix/2. The partition function Z § 3(( = R(,...) of an abelian gauge theory 
is a function of the FI parameter (, and the effect of a gauge vortex loop V^ gauge is the 
multiplication by an overall factor: 



, e-^yZqit) at = 0, 
(K) hi ~^ e^<Z s s(C) attf = 7r/2. ^ 



If the theory has a flavor symmetry, the partition function Z S 3(rh = Rm, . . .) depends on 
the real mass parameters m = diag(mi, . . .). The expectation value of a flavor vortex loop 
y-flavor j g ^ e partition function whose argument rh is shifted in the imaginary direction: 

5 Localization on S 1 x S 2 by the index theorem 

In this section, we compute the expectation value of a vortex loop operator on the geometry 
S 1 x § 2 , or equivalently the (generalized) superconformal index in the presence of a vortex 
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loop operator. For the purpose of explaining the computation, it is enough to consider the 
ordinary index of a general M = 2 gauge theory, with a chiral multiplet of general R-charge 
1Z = —A [8] in representation R of the gauge group. This simplifies the notation, and we 
will indicate only at the end the results for the generalized index, which incorporates the 
background magnetic flux on S> 2 for flavor symmetries [23]. As in the previous section where 
we studied the ellipsoid Sf, we compute the one-loop determinant using the equivariant 
index theorem. We begin by explaining how to compute the superconformal index without 
a vortex loop in our approach. 



5.1 Partition function 

The geometry is defined by the metric 

d s 2 = dr 2 + dO 2 + sin 2 Od<p 2 . (5.1) 
with periodicity r ~ r + /3. The vielbein are 

e 1 = dr , e 2 = d9 , e 3 = sin Odip . (5.2) 
Let us consider the supercharge generated by the following two conformal Killing spinorj^l 

Note, however, that these are not periodic in r. To understand the origin of non-periodicity, 
let us look at the definition of the index 

I = Tr(-l) F e- /3l(w - 7e " J3) e- /32(w+J3) . (5.4) 

Here % = —d T is the Hamiltonian, 1Z is the R-symmetry generator, and j% is a generator 
of the isometry group SU(2) that acts as — id^ on neutral scalars. The index X should be 
independent of (3\ because H — % — J3 = i{5 £ ,5e}- Formally, the operators in the trace 
require the fields to satisfy the quasi-periodic boundary conditions 

(fields) T+/3 = e /9l( - 7? - J ' 3)+ ^ 3 (fields) T , (5.5) 

where (3 = (3\ + f3 2 . By assigning the R-charges +1 to e and — 1 to e, we see that e and e 
precisely satisfy the boundary conditions (|5.5p . Note, however, that the group action on the 
right hand side involves a rotation by an imaginary angle. The way to make sense of this is 



There are four independent conformal Killing spinors on R x § 2 . If eo is an arbitrary constant spinor, 
they are given by e^^ T e^ 61 ^ ei Lpli ' eo . 
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(5.8) 



to rewrite everything including the Lagrangian and the SUSY transformations in terms of 
the redefined periodic fields 

(fields) ncw := e -(-// 3 )(/ 3 i(-^^)+/32i 3 )( fields ) (5. 6 ) 
that are periodic in r [23]. This is equivalent to replacing everywhere the time derivative 

9 T + r 1 [(-^-J3)/3i+j3/3 2 ]. (5.7) 

In the new formulation, the spinors (e, e) := (e new , e ncw ) that generate supersymmetry become 
r- independent: 

In the localization approach [23] to the computation of the index (15 ,4p . we deform the 
action by tQ ■ V for some fermionic functional V. Our choice is again (14 .7p . In the limit 
t —> +oo, the path integral localizes to configurations 

a , m m 

A T = , A n = — ±1 — cosy , cr = , where a = const., m = const., 

P * 2 K h 2 ( 5. 9) 

= 0, F = 0. 

The flux m takes values in the Cartan subalgebra of the Lie group, and is further required 
to satisfy 

a(m) , p{m) G Z (5.10) 

for any root a and any weight p in representation R. The expressions are valid in the 
standard two patches U + = {9 ^ vr} and U~ = {9 ^ 0} of § 2 . 
The supercharge Q = 5 e + 8^ squares to 

Q 2 = i£ v + + ale) +iK + */T 1 [(-K - j 3 )^ + j 3 (3 2 ] , (5.11) 

where 

v = (e^e)d^ = d T - id v (5.12) 

and ee = — cos 9. In order to simplify the expression (15. lip further, we need to take into 
account the saddle point configurations (15.91) and the representation of the 577(2) in the 
monopole background. On a scalar field with electric charge +1 in the background of 
monopole charge w(m), the angular momentum operator j 3 acts as [25] 1^1 

js = -i(d v + ip(A±)) + ^cos9 = -id v ± ^ . (5.13) 



18 Another way to understand the shift is that, after the redefinition that makes fields periodic, the shift 
in the derivatives cancels the twist in the trace and the index becomes Tr(— l) F e^ dT . 

19 The other generators act as j+ = e tv {d g +icot0(d v + ip{A±))) + ^-e^smO and j_ = er^(-de + 
i cot 9(d v + ip(A±))) + B(ipl e -i<P sin e . 
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The expression (15. lip can be rewritten as 



Q* = l £ dT + ^ + i (k { 2j 3 + n), (5.14) 



As in the case of in the previous section, we would like to compute the equivariant 
index, i.e., the weighted trace of e c( ^ 2 for the relevant differential operator D 10 that appears 
in the fermionic functional V. Some details are given in Appendix |F] Note that if we choose 
c = i(3, the index is independent of f3\ as required by the definition (I5.4jl . We assume that 
Diq is transversally elliptic with respect to the vector field d T that generates the free U(l) 
action on S 1 x § 2 (this time in a trivial way as a translation along the circle), and thus 
reduces to an elliptic operator on §> 2 . 

Let p G R denote the weights in representation R of the gauge group. The equivariant 
index for the chiral multiplet in representation R is 



oc 



ind( DIq 1 ) = ^2^2^2 ^ e (r-p(m)/2+A/2)2/3 2 -27rm _ e _( P _£fe!l+ 1 _A/2)2 j 9a+a 9 rinj £ ip(a) _ (5.15) 
weR n&L r=0 

Here we expanded the Dolbeault index at the north (south) pole in positive (negative) powers 
of e 2/32 . The resulting one- loop determinant is 

ztl =nnn _(r "^ +1 ~ Nm + fp(a) + ™ 



w)Gflr=OnGZ V 2 ^ "/ "JW 2 

^ sinh [-(r - ^ + 1 - A/2)/3 2 + fp(a) 



^ + A/2)/3 2 - fp(a) + Trm 



wen r=o sinh 
This can be rewritten as follows: 



(5.16) 



ir-*p + A/2)fo-Ma) 



oc 



z ^ oop SIS e-fr-^+A^+spw x n t _ gr -^i + A/ 2e - lP(0 ) J ' ( s - i? ) 

where q = e~ 2 ^ 2 . After regularizing the infinite product@the one-loop determinant is given 



20 Following [24] (cf. [8]), we regularize the logarithm of the first factor as 

£[-(r - ^ + 1 - A/2)/? 2 - ip{a)\ f)[-(r - ^ + A/2)/? 2 + jp(«)] 

r=0 

P('") ii A /o _1 _P<m) 



2 ' " - 2' 

r=0 



lim CA#- + 5"(°)|-) — + — T " (5 - 18) 

ox 2 ay \ 1 — a; f — .r / 

P(m) -((1 - A)/? 2 + ip(o)) - ip{a) lim f - J— - 1 + 0(1 - a>) 



2 s-H \ f - x 

By dropping the TO-independent terms, we renormalize this to — p ^™' ((1 — A)/3 2 + ip(a)). 
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by 

^1-loop HI? 11 ^l +A/2 I • 

loeK \ r=0 1 y 2 e w / 

For the gauge multiplet, the north and south poles of § 2 contribute the identical amounts 
to the equivariant index, and we obtain 



indpfo^ 6 ) = -J2J2 e 2 ™e iQ(a) - Q(m)/32 + - ^ ^ e 



27rm <:) iQ(a)+Q:(m)/32 

2 ^ ^ ~ '2 

ngZ agadj n.gZ agadj 



(5.20) 



The corresponding one-loop determinant is 

V2 / „• 1 \ 1/2 



Z f-Zp = II II i\ a ( a ) + ^"MAj + Trin) (^a(a) - ^a(m)/3 2 + nin) 

agadj ngZ ^ 



a>0 



i 1 
2sinh ( -a(a) + -a(m)(3 2 



i 1 
2sinh ( -a(a) a(m)fl2 



(5.21) 



q -Wm)\/4 ^ _ e -ia(a) g |a(m)|/2^ 

ogadj 



Both (I5.19ll 21 l and (15.211) agree with the results in the literature. 
5.2 Vortex loop expectation values 

Let us now insert vortex loop operators with vorticities H + and H~ at the north and south 
poles of § 2 , respectively. In the presence of background magnetic flux, the two loop operators 
are defined by the configurations 



Tfl 

A; = -(l-cos6) + H+ (5.22) 



on the northern patch U + and 



m 



A- = -(-1-cob9)-H- (5.23) 



on the southern patch U~ . In order for the gauge fields on the two patches to be glued by a 
well-defined transition function, we need that H + + H~ is a GNO charge that satisfies the 
Dirac quantization conditions a(H + + H~), w(H + + H~) G Z. 

Let us consider the effect of the vortex loops to the one-loop determinant of the chiral 
multiplet. In the north pole contribution, namely the denominator of (I5.16p . there is a shift 
w(a) — > w(a) + 2if32iu(H + ) because A v enters Q 2 through j 3 in (15.141) . Similarly in the south 



21 The corresponding formulas in [8] and [23] involve the absolute values |/?(m)|. As explained in [26], one 
can rewrite such an expression and eliminate |p(m) | in favor of — p(m). 
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pole contribution (the numerator), the vortex loops cause a shift w(a) — > w(a) —li^wiji ). 
Combining the north and south pole contributions, the net effect on is the shifts 

m -*m + H + + H-, a -> a - ^(log q)(H + - H~) . (5.24) 

The same consideration and conclusion apply to the vector multiplet determinant Z^^op- 

We also need the on-shell value of a super symmetric Chern-Simons action in the vortex 
loop background. There is difficulty in formulating such a computation because the twist by 
js in (15 .4p is a rotation with an imaginary angle and is not quite geometric. We circumvent 
this problem by first showing that the vortex loop and the Chern-Simons term induce a 
supersymmetric Wilson loop, and then by evaluating the Wilson loop. We restrict to the 
abelian case. 

A Wilson loop is induced in the presence of a Chern-Simons term as follows. (The general 
case was considered in (I3.10p .) The field strength F has a delta function singularity along 
the loop. For example on S 1 x S 2 , we have 

F §0 = H +5(1 - cos 9) + H ~5{-l - cos 9) + regular. (5.25) 

The vanishing of the SUSY variations of the gauginos (A, A) requires that the auxiliary also 
possesses delta function singularities. In the example of S 1 xS 2 , 

D = iH + 5(l - cos 9) - iH~5(-l - cos 9) . (5.26) 

From the bosonic part of the supersymmetric Chern-Simons action! 2 " 2 ! 

— / (AdA + 2Da ■ vol) (5.27) 

47T J 

we obtain supersymmetric Wilson loops inserted at the north (9 = 0) and south (9 = tt) 
poles: 



exp i-kH + j& (iA - ads) j exp \^-kH~ j (iA + ads) j . (5.28) 

Thus the problem of evaluating the Chern-Simons action in the presence of a vortex loop 
singularity is reduced to the computation of Wilson loops on S 1 x §> 2 . Let us consider a single 
Wilson loop of charge H inserted at the north pole 

W h = &cp(h^ {iA-ads)\ . (5.29) 

Here it is important to include the effect of the twist by js in (15.41) . 
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The action should be evaluated using / D 2 xS 2 dA A dA, where D 2 is a disk whose boundary is the S 1 . 
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We use A° ew rather than A T in the definition of the Wilson loop because it is what appears 
with d T in the action after the field redefinition (15. 6p . Noting that a = —m/2, the Wilson 
loop Wh evaluates to 



(5.31) 



in the saddle point configuration specified by a and m. A Wilson loop at the south pole 
evaluates to e H (- ia ~ m M. 

In the absence of a vortex loop, the Chern-Simons term (I5.27P takes value -fcma@ Thus 



Thus up to the last factor, which is independent of a and m and will be dropped below, the 
effect of the vortex loop on the Chern-Simons term is again the shifts ( 15. 24ft . 

Let us assume that the gauge group is U(l). Since the gauge vortex loops shift the 
parameters m G Z and a that are summed or integrated over, its effect on the partition 
function is almost trivial. As in the case of E>1 the only non-trivial effect comes from the 
Wilson loop for the topological symmetry U(l)j induced via the BF coupling ( IB. 181) . Let 
rf 1 be the vorticities of the vortex loops at the north and south poles. By applying (15.311) 
and its analog at the south pole, we obtain the correlation function of the two abelian gauge 
vortex loops: 



(yr ge (north)^_ auge (south)) §lx§2 = e -^ + +^ V ( ^~ )m/2 ^WK e ia ) . (5.33) 



Here a = — f §1 A is the background holonomy along S 1 , and m = (27r) _1 L 2 F is the back- 
ground flux through S 2 . For a non- Abelian gauge group, it is a possibility that there are 
non-perturbative contributions. 

Next we consider a M = 2 theory with a flavor symmetry. The generalized index is again 
a function of a = — J gl A and m = (27r) _1 J g2 F, though this time A is coupled to the flavor 
symmetry. From the discussion above, we see that for two flavor vortex loops at the north 
and south poles, the correlator is given by the shifts in the partition function (generalized 
index) 



(y«r r (north)V^i vor (south)) s i xS2 = Z s i x§2 (m + H+ + H~ , e - g |(^ + -^-)) . (5.34) 



5.3 Wilson loop expectation values 

We can also compute the expectation values of Wilson loops. Consider a M = 2 theory with 
at least one U(l) gauge group. Such a theory possesses a global symmetry U(l)j generated 

23 Our convention for the Chern-Simons level agrees for example with |26| . 



-iSscS I 



I vortex 




(5.32) 
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by the conserved current J M = e^ up d v A p . The generalized index of the theory involves a sum 
over the gauge fluxes m, and depends on the flux m of the background gauge field for 
U(l)j, whose coupling is given by the BF term flB. 18[) . The partition function on S 1 x S 2 
then takes the form 

Y,(q c e~™T <f^e- ima f(m,a,q,...). (5.35) 



^xS 2 — 



Here c parametrizes the contribution of the gauge flux to the R-charge [26], a is the chemical 
potential for U(l)j, and / is some function. We now insert a Wilson loop of charge r] + at 
the north pole, and another of charge t]~ at the south pole. We saw above that the value of 
the product of the Wilson loops in the saddle point configuration is 

e -i(r]++r]~)a^-(r]+-r]-)n/2 ^ (5.36) 

which is to be inserted inside the sum and the integral. Thus the effect of the Wilson loops 
is the shifts 

m — > m + rj + + rf , a — > a — -(logg)(?7 + — 77") . (5.37) 

Thus the correlation function of the two ordinary Wilson loops is given by the partition 
function (generalized index) whose arguments are shifted: 

(^r sc (north)H/™(south)) §lx§2 = Z §lx§2 (m + V + + v ~, e^ + ~^) . (5.38) 

In a M = 2 theory with flavor symmetry, the correlator of two flavor Wilson loops with 
charges r] + and r)~, inserted at the north and south poles respectively, is given by 

{Wj? vor (north)Wj- avor (south)) s i x §2 = e-^+^V^'^^ix^K O . (5.39) 



6 Abelian mirror symmetry 

We have employed the supersymmetric localization method to obtain exact quantitative 
results for the expectation values and correlators of vortex loop operators. Let us now 
discuss more qualitative and conceptual points regarding loop operators in three dimensional 
supersymmetric theories. 

Any duality maps global symmetries of one theory to those of the other. In particular 
abelian mirror symmetry (271 EHl EHJ EOj [31] by definition maps a topological symmetry 
£7(1) j in one theory to a flavor symmetry in the dual theory. It was explained in Section |2~31 
that the vortex loop for U(l)j is the gauge Wilson loop, and that the Wilson loop for U(l)j 
is the gauge vortex loop. Thus the transformations of loop operators under abelian mirror 
symmetry follow from those of global symmetries. We can summarize the abelian mirror 
symmetry action on loop operators in M = 2 theories. 
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Theory A 


Theory B 


Global symmetry 


U(l)j 


Flavor symmetry 


Vortex loop for 
global symmetry 


Gauge Wilson loop 


Flavor vortex loop 


Wilson loop for 
global symmetry 


Gauge vortex loop 


Flavor Wilson loop 



Table 1: Abelian mirror symmetry action on global symmetries and loop operators. 



Let us illustrate the mapping of global symmetries and loop operators in a well-known 
M = 2 mirror pair. As Theory A (SQED), we consider the U(l) gauge theory with two 
chirals ($, <3>) of charges (1, —1). This theory has a flavor symmetry C/(l) axial charges (1, 1), 
as well as a topological symmetry U(l)j. As Theory B (XYZ model), we consider a theory 
of three chiral superfields (X, Y, Z), interacting through the superpotential W = XYZ. The 
superpotential is invariant under two symmetries U(l)i and U(l)2, whose charges are given 
by (2, —1, —1) and (0, 1, —1) respectively. It is known that £7(l)axiai is identified with Z7(l)i, 
and U(l)j with U(l)2- We now summarize the symmetries and the loop operator spectra. 



SQED 



XYZ model 





$ 


i> 


Loop operator 


^(1) gauge 


1 


-i 




U(l) axial 


1 


i 


J Flavor vortex 
\ Flavor Wilson 


U(1)j 






J Gauge Wilson 
\ Gauge vortex 





X Y 


Z 


Loop operator 


U(l)i 


2 -1 


-1 


J Flavor vortex 
\ Flavor Wilson 




1 


-1 


f Flavor vortex 
[Flavor Wilson 



Table 2: Mirror symmetry for the two-flavor SQED and the XYZ model. 



Our localization results for loop operators provide a quantitative test of the mirror sym- 
metry predictions. On 8 1 x 8 2 , the correlation function (15. 38ft of two gauge Wilson loops is 
identical to the correlation function (I5.34p of two flavor vortex loops, confirming the corre- 
spondence on the middle row in Table [TJ Similarly, the equality between (I5.33P and (I5.39P 
verifies the mirror symmetry action on the bottom row of Table [TJ The same checks can also 
be made using the results for Wilson and vortex loop operators on Sf. 
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A Metric and vielbein on S 3 

The three dimensional sphere S 3 with radius R can be represented by a pair of complex 
coordinates (u, v) G C 2 by the equation 

uu + vv = R 2 . (A.l) 

The manifold is invariant under 5*0(4) = SU(2)i x SU(2)r symmetry. The generators of the 
two SU{2) factors are denoted as Lf , L\ , L3 and Lf , Lf , Lf and they satisfy the following 
commutation relations 

[L a L , L L b ] = ie abc L L c , [L* Lf ] = ie ahc L R c , [L L a , Lf ] = . (A.2) 

We define raising operators = Lf + iL%, = Lf + iL^ and lowering operators = 
L\ — 1L2, L R = Lf — iL2- The representation of the generators in the (u, v) coordinates is 
given by 

L L _ = u d v — v d u , L+ = —u dv + v d a , L3 = - (u d u + v d v — u d Q — v d d ) . (A. 3) 
and 

L R = u dy - v d u , = -ud v + vd u , Lf = -{u d u - v d v - u d n + v d„) . (A.4) 

In the main text we use two different parameterization of the § 3 , the Hopf fibration and the 
torus fibration. 
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A.l Hopf fibration 

The Hopf fibration of S> 3 is given by the parameterization u = R sin | e'^~^/ 2 and v = 
.Rcosfe 4 ^)/ 2 where < 9 < tt, < < 2vr and < ip < 4vr. The metric in the Hopf 
fibration is given by 

d2 

d s 2 = g^dx»dx v = — (d9 2 + sm9 2 d(p 2 + {dip + cos 9 dcpf) 



4 

(d9 2 + d</> 2 + dip 2 + 2 cos d(p dip) 



R 2 (A ' 5) 



4 

This metric can be derived considering that S 3 = SU(2), as shown also in appendix A of 
[2D] . The left invariant vielbein basis is 

R 

e 1 = — (cos ip d6 + sin ^ sin 6* d<p) 
R 

e 3 = — (sin ipd9 — cos V> sin 6> g?0) (A. 6) 

e 3 = — (cos 9 dcp + d^>) 
and the inverse vielbein defined as e a M = e b v g Vfl 8 a b is given by 



/ cos ^ fsf -cot^sin^' 
e/ = - sin^-fgf cottfcos^ | (A.7) 
1 



A. 2 Torus fibration 

The torus fibration is obtained parametrizing u and v as u = R sin ^e 41 ^ 1 and v = R cos ^e*^ 2 , 
where < $ < 7r/2 and < </?i, <^2 < 27T. Torus fibration and Hopf fibration parameters are 
related by 9 = 2$, <p = tp 2 — fi and ip — <f2 + <Pi- The metric is given by 

ds 2 = R 2 (d$ 2 + sin 2 d<^ 2 + cos 2 i? d^ 2 ) , ( A.8) 

and a natural frame is 

e l = Rd$, e 2 = Rsiwdd^ , e 3 = cos cfy? 2 , (A. 9) 

The vortex loop operator is located at = and extended along ip2- For this field config- 
uration, the holonomy is constant when computed along a curve linked to the vortex loop, 
therefore the monodromy along the ipi circle will be independent from 0. 

In the frame described above, the solution of the Killing spinor equation on § 3 is given 

by 

e = e f*ri e f(¥>i+¥>2)73 eo (A. 10) 
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B SUSY on 3D Euclidean manifolds 



B.l Conventions 

We follow the conventions as in [20]. The curved space gamma matrices 7 M are defined as 
7/u = la e° ''n where 7 a are Pauli matrices and e a M is a vielbein. It follows 

{7^7^ = 2^, (B.l) 

where is the spacetime metric. Some useful relations for Pauli matrices are 

lab = -[la, lb] = i£abclc with £123 = ^ = 1, m , 

7i7273 = i- 

The spinors ip and ^ are independent and have the same index structure, i.e., ip a and %p a . 
Spinor indices are omitted in the main text and contracted as 

^ = rC a ^ , f/V = ^G^f^P • (B.3) 

We take C = ^ 0^ ) < ^ ven ^ a/3 * s an tisy mme tric and (Cj^)^ is symmetric, con- 
sidering Grassmann-odd spinors it follows 

ipip = ipip ; ^7^-0 = —ipj^ip , (7 M< 0)^ = —'07^ • (B-4) 
B.2 Vector multiplet 

The field content of Euclidean M = 2 vector multiplet is given by the gauge field 
two complex Dirac spinors A and A and two auxiliary real scalar fields D and a. The 
supersymmetry variations are parameterized by two independent complex spinors e and e 
and they are given by [201 El U\ 



8A„ = 


% — 

-(e7 M A- A 7M e), 




5a = 


~(eA-Ae), 




5X = 






5X = 


-^eF^ + De-ireD^- 




5D = 


-^Z^A-^We + ^A 


,cr] + ~[Ae,<7 



(B.5) 



2 

5' 
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Dfj, is the covariant derivative with respect spacetime and gauge connection. For the 
metric, is covariant also respect a U(l) background field, obtained gauging the R- 
symmetry [7j. Denoting as 5 e and 5^ the supersymmetry generated by e and e, it results 
[8 e , 8 £ >] = [5 e , 5&] = and [201 El [7] 

[5 e , 8^ = iv v d v Ap + id„v v A v - D^A, 
[8 e , 8t]a = iv^d^a + i[A, a] + pa, 

i 3 
[8 e , 8 g ]X = iv^X + -0^7^ A + z[A, A] + -pX + aX, (B.6) 

[S e , S S ]X = iv^X + *-e^Y v X + i[A, A] + ^ P X - aX, 



[5 e , 8,}D = iv^D + i[A, D] + 2pD + W, 



where 



W = -aieYYD^e - vf-fD^e)- (B.7) 



1 

— ( 

3 

Therefore, for all the fields except the scalar D, the commutator is a sum of a translation 
by v^, a rotation by MV , a /^-symmetry rotation by a, a gauge transformation by A and a 
dilation by p. The explicit expression of the symmetry generators is 

v» = eYe, 

= DK v] + A;f , 
A = v fl iA u + ale, 

(B.8) 

p=^{efD IM e + D^'fe), 



a = UDjrfe-e>fD„e)+v>>V. 



where is the U(l) background field and uj^ is the spin connection. The supersymmetry 
parameters satisfy the Killing spinor equations 

Dfj,e = 7 M e , D^e = 7 M f . (B.9) 

The explicit expression for the spinors e and e for S 3 is jl] 

e = — e, l=— e. (B.10) 

m m K ' 

For § 3 i s [J] 

(B.H) 



2i*/(0) ' 2i2/(0) 
where /($) is defined in the main text and for §' x § 2 [| 



l= -^ t= m^ (R12) 
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With these supersymmetry generators, it follows that for all the spaces that we consider, it 
results W = 0, where W is defined in (1B.7|) . This implies that the supersymmetry closes 



off-shell on all the fields. It also results p = for all the spaces, that implies that the 
commutator [5 e , 5i\ does not include a dilation. 

B.3 Chiral multiplet 

The field content of the chiral multiplet is given by two complex scalars </> and F and spinors 
ij) and t/> with two complex components. These fields are in a generic representation of the 
gauge group. The supersymmetry variations are given by [201 El E] 

5(p = e0, 
5(f) = eip, 



5iP = i'feD^ + ieacj) + -—^D^ecj) + eF, 



2Ai 
~3 



Sifj = vftD^ + i^ae + ^0 T ^D M e + Fe, (R 13) 

5F = €{vfD^ - iatp - i\<f>) + -(2A - l)£> M ey*V, 

3 

5F = e{yfD$ - itpa + i<p\) + -(2A - ^D^efifj 

3 

and the commutators give the following off-shell result [201 El H] 



[Se,Se](f> 


= iv^d^cj) + iA(fi + Apcj) 


— Aa0, 












= iv^d^cp - i(j)A + Ap4> 


+ Aacj), 










[6e,6e]ll> 


= iv»d^ + hd^ii) - 


f iAtp + 






"(1- 


- A)cm/>, 






- iipA + 


V 




-(A 


— l)a^, 


[Se,Se]F 


= iv^d^F + iAF + (A - 


h l)pF + (2 - 


- A)aF, 






[S e ,Se]F 


= iifdpF - iFA + (A - 


h l)pF + 


(A- 


- 2)aF, 







(B.14) 



that is for generic supersymmetry parameters, as for the vector multiplet, the commutator 
[S e , S s ] is a sum of a translation, a rotation, a i?-symmetry rotation, a gauge transformation 
and a dilation. The commutator of two generic unbarred supersymmetries is different from 
zero for the scalar F [2Q1 El E] 

2A 

[6 e , 5 € ,}F = 67^(2/^0 + iF^) + — ( f ) {efi , D lt D^ - e'^ D^e). (B.15) 

However, considering the supersymmetry generators that we described in the previous sec- 
tion, for all the spaces it results [8 e , 6 e /]F = 0. A similar results holds also for the commutators 
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of two barred supersymmetries on the field F. We can therefore conclude that, for the spaces 
considered in the main text, also for the chiral multiplet two unbarred supersymmetries and 
two barred supersymmetries commute. The commutator [S e , Si] is a sum of a translation, a 
rotation, a /^-symmetry rotation and a gauge transformation. 



B.4 Background gauge multiplet 

In three-dimensional theories, one often considers a background non-dynamical gauge field 
An that couples to a global symmetry. In M = 2 theories, one introduces the SUSY partners 
(cr,D, . . .), on which the path integral depends. Usually the gauginos are set to zero, but in 
order to preserve supersymmetry, we require that their variation vanish. Suppose that on 
E>1 we have vortex loop of charge rj at i? = 0. Supersymmetry requires that 

A = rjdipi , D — —777 , cr = constant . (B.16) 

Rj 

On S 1 x S 2 , when we have a (anti-)vortex loop of charge 77 + (r}~) at the north (south) pole, 
the configuration that preserving SUSY is given by 

(1 TTt TTt 

A ± = ——dr -\ (±1 — cos 9) d(p ± ^ dip , a = , a = constant, mGZ (B.17) 

2 2 

on the two patches U + = {8 7^ it} and U~ = {8 7^ 0}. 

The supersymmetric BF coupling between the background and dynamical gauge multi- 
plets is given by the insertion of e~ Sj3F in the path integral where^l 



'BF 



~ jAAdA-^- J d 3 x^(Da + aD). (B.18) 



On §>l , the scalar a = ( is nothing but the FI parameter, and the second term in ( IB. 18}) is 
the standard FI term <S>fi that enters the path integral as 



e ~"' S ^-^Rj iX ^\ D -Rf)- (B19) 

C Boundary terms on the round sphere S 3 

In the presence of the vortex loop operator one needs to keep track of delta function contri- 
butions at the singularity, or alternatively of boundary terms arising from an excised tubular 
region of the loop operator. There are three main reasons why these terms are important 

1. Without these terms the localizing actions are not Q-exact. 



24 The invariance of the BF term under supersymmetry follows from that of the CS term because 
S BF {A, ...;A,...) = \ [S CS {A + A,...) - S CS (A, . . .) - S CS (A, ...)]. 
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(C.l) 



2. Without these terms the vortex loop operators would seem not to break any susper- 
symmetry at all, while the boundary terms ensure they preserve only one half. 

3. The boundary terms may contribute to the value of the action evaluated at the saddle 
points of the localizing action. 

In this appendix we study the boundary terms for the different pieces of the M = 2 actions 
in three dimensions, focusing for simplicity on the case of the round S 3 . 

For the round sphere S 3 , the supersymmetry variations for the vector multiplet spinors 
(1B.5j) simplify to 

SX = -\y u £F^ + i-feD^a - (p + £) e, 
SX = —l^eF^ - irftD^a + (d + £) e, 
and the variations for the spinors and the auxiliary scalars in the chiral multiplet ( IB. 13[) are 

A 

5ifj = i^eD^cf) + ieacf) — —ecj) + eF, 

R 

A_- - 

Sip = iy^eD^cp + icpae ecj) + Fe, 

R i (C2) 

5F = e(i-fD^ - iaiP - iX(f>) + —(2 A - l)eip, 

zti 

8F = e(fy*D^ - fya + icpX) + — (2A - l)e0. 

2R 

C.l Boundary terms for supersymmetric Yang-Mills action 

When using the supersymmetric Yang-Mills action (13.31) as a localizing term it should be 
written as a total superderivative [5]. Keeping track of total derivative terms it is possible 
to show that for generic Killing spinors e and e 

5- e 5 e Tr ( ^AA - 2Da J = ee C S ym + Tr [iey v e F v>x a - ee aD^a - erf"* ° D v° 

V 2 J V . (C.3) 

+ icfe (D + ^)a+ ^A 7 ^e(eA)J . 

Considering a boundary at small d = t?o m the coordinate system ( 1A.8I) . we obtain 

J d 3 Xy/l]5-A Tr QaA - 2Da^J 

= ee gy M SsY ai — R 3 J d<pid<p2 cos $o sin $ Tr ^iey v e F v ®a — ee aD^a (C.4) 

- ef*e oD v cj + iey*e (d + ^) a + iA T *e(eA) J 
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With e and e satisfying (I2.6p . the previuos expression simplifies to 



2 c 

9ym°. 



SYM 



dip\dip2 cos sin $o 



cos 6*n 



-(xF, 



1^2 



R „ 2 ^ 2 w ■ \ a 

— L>^o- + — A(7i - ry 2 )A 



(C.5) 

Being a supersymmetry variation automatically implies that the sum of the bulk and 
boundary actions are invariant under supersymmetry. This can also be verified directly, as 
the supersymmetry variations of the SYM lagrangian (13.31) are total derivatives 



S f S< 



SYM 



9ym 



d 3 Xy/gD „Tr 



(C.6) 



Putting a cutoff at small gives the boundary term 
1 



5 f & 



e'-'SYM 



9ym 



d(fi dip 2 Tr 



% — % — 

- cosi9 A72e^<p 1 + - sin^ A7 3 eF tf(p2 

+ - cos sin $ f-RAe D#o + iFfX^e (d + 
2 V V R 



(C.7) 



likewise 
<5e<Ssym : 



9ym 



9ym 



d 3 x^D^Tr 



d(f\ dtp? 



-eAF 



1 1 

-cos 1V712 A-D^ct - - sm^ e7i 3 ArJ ¥ , 3 cr 



(C.8) 



By adding the boundary term in flC.5j) and using the projection equations (I2.6P it is possible 
to check that (^(Ssym + ^sym) = ^('S'sym + ^syu) = 0- Since this statement is true only 
assuming the projection equations, this also confirms that the vortex loop operators break 
half of the supersymmetry at the singularity. 

Note also that the boundary action vanishes on the BPS solutions (I2.14p with arbitrary 

a . 



C.2 Boundary terms for Chern-Simons action 

The supersymmetric CS action (13.1 p is not a total superderivative, still it is possible to add 
boundary terms such that its variation vanishes. The supersymmetry variation of this term 
is of course also a total derivative, which reads 



= l ±. [ d i x ^ Tr 



1 

-e 



(C.9) 
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where the integral on the second line is on the boundary and 7™ is in the normal direction. 

Let us use the metric (1A.8|) and frame flA.9j) with a boundary at small so we get 
explicitly 



5 f & 



scs 



ikR 
Air 



difii d(p2 cos $0 sin $ Tr 



A^X^e + „ Ay 2 A7 2 e + #0^71 e 



2 sin -# 



2 cos $ 



(C. 



0) 



Let us consider the boundary term 

k 



°scs 



An 



J difi dip 2 Tr [A tfl {A ip2 - 2iRa)] . 



Given that near the singularity 73 e = e f !2.6p it follows 
Likewise for the e variation 



^scs = ^ / d A Xy/g Tr 



/A' 

47T 



d 2 xy^ Tr 



-e n ^A p e lu X + e 7 "Aa 



(C.ll) 
(C.12) 

(C.13) 



and given that near the singularity 7 3 e = — e, it results 

S,(S scs + Si cs ) = (C.14) 

Let's now consider gauge transformations. Given an element g of the gauge group, the 
gauge vector A p transforms as 

A, -> Al = gA^g- 1 - igd p g~ x (C.15) 

and the remaining fields in the vector multiplet transform in the adjoint representation, for 
instance 

a a 9 = gag' 1 (C.16) 

The super Chern-Simons lagrangian 



C 



scs 



Tr 



eT> [ A„d v A p + jA^Ap )-XX + 2Da 



(C.17) 



transforms as 



£scs £f cs = £ S cs + ^ p <9 M Tr [d u g- l gA p ] - -e^Tr [g~%g g- l d v g g- l d p g] (C.18) 
Using this result, it follows that the sum of the bulk and boundary actios transforms to 

{Sscs + Sl cs Y = {S SCS + Sl cs )-^- J d^d^ Tr [d^g (iA V2 + cos6 Ra)]+T (C.19) 
where T is a topological term given by 

T = J d 3 x^e^Tr [g- l d p gg- l d v gg- l d p g\ - ±- j d^d^Tr [g'^g g^d^g] 

(C.20) 
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C.3 Boundary terms for Fayet-Iliopoulos term 

Under a generic supersymmetry variation the Fayet-Iliopoulos action ( 13. 41) transforms to 

c 



5S, 



FI 



We define the FI action as 



J A^fA/e + ffA) (C.21) 



5 fi = ~n~5 I d*Xy/g£ m (C.22) 



2ixR 

and placing a boundary at small 9 = 9 , it results 

= — — / d(fid(f2 cos^o sini^Ay^e + 67 A) (C.23) 
4vr J 

If we add the boundary term 

S#i = -T- / ^i^cos^A^ (C.24) 
and consider the supersymmetry generators that satisfy the condition f 12 . 6 j) we find 

5(S F1 + S&) = (C.25) 

C.4 Boundary terms for chiral action 

Like the SYM action, the chiral action (13. 6p is a total superderivative [5] and can be used 
as a localizing term. In the presence of a boundary or a singularity we need to consider 
boundary terms. 

For generic Killing spinors e and e the double variation is 

/- - 2(A-1 

S E S e ipifj - 2i(j)a(j) + 



( R - ' i(2 -A) \ < a26 > 



Placing a boundary at small ?9 = i9 i n the coordinate system (1A.8|) . we obtain 



'chiral 



J d 3 Xy/gSeS e (^pip - 2z0ct0 + — #J = ee ^c 

- i? 3 y c%#2 cos ^0 sin ^0 K7^e - e/e <M0 + ^ 2 ~ # + i (e^ 

(C.27) 
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With e and e satisfying (I2.6p . the previuos expression simplifies to 
f ■? ( - - 2(A - 1) - \ 

/ d Xy/g 5e5 e [iplp- 220(70 H — 00 I = <S cMr al 



R J dipxdip 2 cos $0 (i^D^cj) + ^ sin $0^(71 + ^72)"0 



(C.28) 



Clearly the variation of the sum of bulk and boundary actions will vanish for all the su- 
percharges parametrized by e and e satisfying (12. 6p . This can be verified by an explicit 
calculation as done for the SYM action above. 



D Kinetic operators on S 3 

In this appendix we study the kinetic operators arising from expanding the localizing actions 
on § 3 and calculate their spectra. 



D.l Vector mult ip let 

In order to localize the vector multiplet we add to the lagrangean a total superderivative 
t S\ oc = t5 t 5i f (AA — 4_D<r), which is proportional to the Yang-Mills action (13. 3 p [5J [20] and 
the boundary term ( 1C 5[) . 

To compute the one-loop contribution we consider fluctuations around the BPS configu- 
ration, i.e. 



a = a + 



— D = -^ + — A =A^ + ^ 
y/t' R Vi' y/i 



A 



A^ 



(d.i; 



and expand the Yang-Mills action up to quadratic order in the fluctuations. Considering the 
background gauge D^^A' = 0, where is defined using the connection A^ 



4 0) = V^[4 0) 



yu i J i 



(D.2) 



we obtain 



t £sym — — Tr 



-A^D^DfA'^ - [o-o, A'A 2 - a'D^Dfa' + ( D' + - 
h i\y D W\i + f\'[a ,\']- ^\'\' 



(D.3) 
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and this quadratic action is invariant under the supersymmetry variations 



i 



a' 



^ = -(ey M V-AV), 

6\> = -^ v eDfA! v + i-fe{Dfo> + i[A'^ a }) - (d> + e, ( D .4) 
SJf = -l^eDfN v - i^e{Dfa' + i[A^ a \) + (d' + Q e, 

5D' = -\efDf\> - \DfXYe + l -[e\', a ] + l -[\'e, a Q ] - ±e\> + -La'c, 

where e and e are the supersymmetry preserved by the vortex. Using the Cartan decompo- 
sition of the gauge group, a generic fluctuation field $' is written as 

$' = $°X Q + &Ki . (D.5) 

In the following we ignore the contribution of the Cartan components since their actions 
do not depend on a$. The action tCsYM is therefore written as 

~ / d 3 x^Yl \^ A 7 ("VfV^ + a(a ) 2 ) A a u + X~ a (iyvj» + *a(a ) - ^) A" 

(D.6) 

where we defined the operator 

VW> = V M + ia(AjW) (D.7) 

and used the fact that is in the Cartan of the gauge group. The supersymmetry trans- 
formation for any $ Q can be easily obtained projecting on the X a generator the expressions 
in (1-D.4j) . It results that the effect of the vortex on the localizing action corresponds to 
replacing V M with vj^. It is therefore convenient to redefine the generic field $ a as 



$a _ e -i Q (^ 0) )^^a (D.8) 



so that V^$ a = e ^ V M $ a . Since $ a should be a periodic function, it follows that 

$ Q satisfies 

$ a (tf,<^ 2 + 27r) = <£ a (tf,<^ 2 ), 
or in terms of u and u ( 1A.1I) 

~ . V ; (D.10) 
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Considering the redefinition (ID.8j) . the action f ]D.6j) is written in terms of fields as 
f 



d 3 x^gJ2 V V ~ A 7 ("V^V^ + a(a ) 2 ) A* + X~ a (i-fV „ + ia(a ) - -L) X a 



and the supersymmetry transformations are given by 



(D.H) 



8A« 



5a a 
5~X a 

5X a 



-(e lfl ~X«-X a lfl e), 
-(fX a - X a e), 



-T^»K + i^e{V^ a - ia(a )A«) - ( D a + — ) e 



R 



5D a = - l -e^V,X a + l -e^V,l a - 

(D.12) 

The one-loop contribution of the vector multiplet that depends on o"o therefore is given 



by 



^Too o p(^o) = n 



det Q (ij^Vfj, + ia(a ) - -^) 



det a (-V„V + a(a 



(D.13) 



where det a (0) is the determinant of the operator O, evaluated in a space of fields $ Q that 
satisfy the boundary condition (ID.lOj) . 

In appendix [E] we have constructed a basis of harmonics satisfying these boundary con- 
ditions. There are many such harmonics, most of which are non-normalizable and should 
not be included in the spectrum. We discuss the states in detail in Appendix [E] and try to 
make an educated guess which modes should be included in the spectrum. The result is 



^Toop(^o) = ] I(n 2 + a(Ra + iHf) (n 2 + a(Ra - iH) 2 ) . (D.14) 



a>0 n 



D.2 Chiral multiplet 

We now focus on the matter sector of the theory. 

Since £ c hi ra i fl3.6j) is a total superderivative [SI ED], multiplying the matter action by an 
arbitrary parameter t, the result of the path integral remain unchanged. Therefore, the 
contribution of the matter sector is given by the quadratic fluctuation with respect to the 
classical configuration that minimize (13. 6p . i.e., <p = <p = F = F = ip = ip = 0. 
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As for the vector multiplet, we consider fluctuation with respect to the localizing config- 
uration 



and in the large t limit, 



(D.15) 



tC 



chiral 



<7n<P + 



, , 22(A-1)- / . , A(2-A) J/JL , 



R 

2R V * 



R 2 



F'F' 



(D.16) 



where we defined 

Df = V M + iAWK? , (D.17) 

where Kf- are the elements of the Cartan subalgebra written in the R representation. Also 
the constant field <To is expressed in the R representation of the Cartan subalgebra, i.e., 
<To = (TqK? 1 . The Lagrangian (lD.16j) is invariant under the following supersymmetry trans- 
formations 



ei/>' 
eft, 



A 



<ty' = i'feD^ff)' + tea^' &f>' + eF' 



R 
A 



5if/ = iyeDfV + i^Voe - ^ + F'e 



(D.18) 



R 



SF' = e(i^D^ft - ia ft) + — (2A - l)e^', 



2/T 
1 



<JF' = e(i7^Z>j[V - iAb) + — (2A - l)eft . 



Expanding all the fields in the weights p of the representation R (see Section 12. 3. 2D the 
lagrangian becomes 

^•^chiral ^ ^ 



-17 



2A - 1 
2i? 



(D.19) 



where we defined 



= v, + z>(4°>). 

Like for the vector multiplet, we redefine the fields as 



(D.20) 



(D.2i; 
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so that V^Qf = e-^P^V $ p and $ p satisfy 

<l p (e 2 ™u, v) = e 2wip{H) $ p (u, v), &(u, e 2ni v) = <f> p (u, v). (D.22) 

The fields i> p can be thought as the complex conjugate of $ p fields, although in the Euclidean 

formulation of the theory $ p and $ p are independent. It is however natural to redefine <3> p 

as 

$p _ e *p(<V|>p (D.23) 

so that 

l> p (e 2 ™«, v) = e- 2nip{H) & p (u, v), l> p (u, e 2ni v) = <S p (u, v). (D.24) 
In terms of $ p and $ p fields, the lagrangian reads 



^•^chiral ^ ^ 



.A-l\ 2 1 



-V M V p + ( p(a ) + i— — \ +—\r + F p F 



p 



2^ i 

+ ^ ( -z 7 "V M + zp(a ) - ) ft 



(D.25) 



and it is invariant under the following supersymmetry transformations 

54> p = eft, 

5ft = eft, 

Sft = i^eV^ft + iea ft - ^eft + eF p , 

R 

5 ft = i 7 p eV M | p + ifta e - ^-eft + F p e, 

R 

SF p = e(z 7 p V^ p - ia ft) + -L(2A - l)e^ p , 

5F p = e(i^vj p - ifta ) + -L(2A - l)# p . 
The one loop contribution of the chiral multiplet that depend on o"o is given by 
7 chirai , x _ TT det p (-z 7 p V M + zp(a ) - gf^l) 

^l-loopl^Oj - II 7 " — — g - 

V det p (-V M V p + (p(a ) + 1^) 2 + ^ 

where det p (C) is computed on the space of fields that satisfy the boundary conditions (1D.22|) . 

As in the case of the vector multiplet we have to consider spherical harmonics with 
modified periodicity, discussed in Appendix |E] Our result is 

<sw - n n ( r;^:g^:g )"=n^ - - - «*» + «o>. 

n=l p p 

(D.28) 

where Sft(x) is the double sine function. There are many subtleties in this expression which 
are discussed in Section EP1 



(D.27) 
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E Spherical harmonics with non-standard periodicity 



As explained in Appendix [D] we are interested in computing the spectrum operators using 
basis that do not satisfy the standard periodicity condition. In particular, we consider 
eigenf unctions $(0, <f>, iff) that satisfy 

$(e 2 "u, v ) = e 2 ™ (H) $(u, v) = e 2niv $(u, v). (E.l) 

Here a(H) = n is the value of H for one of the weights, appropriate for a field in the adjoint 
representation. For other representations it is replaced by p{H), which to avoid clutter we 
will also denote by n. 



E.l Scalar harmonics 

Let us recall the construction of the usual scalar harmonics on § 3 . The scalar Laplacian 
— V 2 can be expressed in terms of the SU{2) L or SU(2) R angular momentum operators 
( BP , ( TA~4|) as 

-V 2 = ^{L L f = ±(L*f. (E.2) 

The spherical harmonics are classified by representations of SU(2)i x SU {2)r which obviously 
should have the same quadratic Casimir. The states S(n, m, m!) are labeled by three integers 
n,m,m', such that j = n/2 > \m\, \m'\. n is the principal quantum number and m and m' 
are eigenvalues of the operators L\ and L%. 

These spherical harmonics can be written in terms of homogenous polynomials of degree 
n in the four coordinates it, u, v and v. We can construct a highest weight statJ 2 ^! 

S(n,n/2,n/2) oc u n , (E.3) 

which is annihilated by and L^. The full multiplet with (n + 1) 2 states can be constructed 
by acting with and 

S(n, m, rri) oc ^) n/2 - m {L R ) n/2 - m ' u n . (E.4) 

The lowest weight state is reached by acting n times with both and L R and it has the 
form 

S(n, -n/2, -n/2) oc u n . (E.5) 

We would like now to generalize this to functions which satisfy the periodicity condition 
(lE.ip . We require that the functions vanish at u = and are regular at v = 0. m and m' 
are shifted by n/2 and a natural highest weight state is 

S H (n + n,^,^±n)ocu n+ \ (E.6) 



2.-) 



The normalization is not important for our purposes, so we will ignore it. 
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This function has the desired periodicity conditions, for rj > —n it vanishes at u = and is 
regular at v — 0. Acting with the Laplacean on it gives 

- V 2 S H (n + v , 2±a =±2) = (n + r/)( ^ 2 +T/ + 2) 5-h (n + 17, =±2) . (E.7) 

We can create other states solving the same equation by acting on this state with any number 
of and L^. For non-integer rj they form a non-unitary representation of SO (4) which 
is infinite dimensional, so it is not clear how many of the states in this representation we 
should include. We are not required to include the full representation, since the loop operator 
breaks the SO (4) symmetry. Note that both and include a d u derivative, so acting 
with a total of k lowering operators will give a term proportional to u n ~ k+v . For k > n + rj 
this mode is singular at u = 0. We relly on the analysis of supersymmetry multiplets in 
Appendix IE. 41 to determine which states should be included. 

In addition to the states which are descendants of the highest weight state there are more 
regular states that we can construct by starting with the modified lowest weight state 

S L (n- V ,^,^) ocu^. (E.8) 
Note that it has the same periodicity e 2mri under u — > e 2m u, but a different Casimir 

- V 2 S L (n - rj, ^±zz, ^tfl) = ( w -q)fo 2 -'7 + 2 ) Sl ( n _ Vi ^±22, z-tfl) . (E.9) 

Acting on this state up to k times with either or will generate (k + l)(fc + 2)/2 states. 
If fc < n — r\ then these states are regular at u — 0. 

The space of scalar harmonics with non trivial periodicity is equipped with a scalar 
product defined as for standard scalar harmonics 



(S(ni, mi, , S(n 2 , m 2 , m' 2 )) = J <KlS{n\, mi, m^) S{n 2 , mi, m' 2 ) (E.10) 
where dVL is the volume element on the §ffil and 5 is the complex conjugate of S. It results 



(S H (ni,mi,m[) , S H (n 2 , m 2 , m' 2 )) oc 5 

(S L (ni, mi, mi) ,S L (n 2 , m 2 ,m' 2 )) oc <5 ni ,„, 2 5 mi>m2 5 m ' iim ^ (E.H) 
(S H {ni, mi, m[) , S L (n 2 , m 2 , m' 2 )) = 

where all the functions have the same deformation parameter n. 



2(i 



For instance, in the torus fibration coordinates it is given by dfi = dx 3 ^/g = R 3 sini9 cos ddd dtp \dtp2- 
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E.2 Vector harmonics 

There are two sets of divergenceless vector harmonics on S 3 [32j [33]: V + (n, m, m') that form 
a representation (^rp, of the symmetry group SU (2) L x 5^7 (2)#, and V~(n, m, m') that 
form a representation !2 y^-)o The two sets satisfy 

- V ± (n, m, m!) = (n + l) 2 V ± (n, m, m') , (E.12) 

and are related to each other by the parity operator P as 

PV + (n,m,m') = (-l) n+1 V~(n, m', m), (E.13) 

where the action of the parity on the complex variables u, v is given by 

Pu=-u, Pv = -v. (E.14) 

Complex conjugation acts as 

V^n, m, m!) = (-l) mW+1 V ± (ri, -m, -m'). (E.15) 

In each of the V + (n, m, m') and V~(n,m,m') multiplet there are n(n + 2) states. To 
explicitely write the states it is convenient to consider the scalar product of the vector 
harmonics with an auxiliary vector r' = (u', v') defined in the embedding space C 2 H The 
highest weight state V + (n, is given (ignoring normalizations) by 

r' • V+(n, 2±i, 2fi) oc (-u) n ~ l (vu' - uv') (E.16) 

and the other r' • V + (n,m,m') in the multiplet are obtained applying the annihilation op- 
erators + L'J* and + L'J 1 , where L'_ L and L'J 1 are generators acting on the auxiliary 
variables u' and v' . V~ are gotten by acting with the parity operator P. 

We would like to construct vector harmonics that satisfy the periodicity condition (lE.lj) . 
As with the scalars, we take the (unnormalized) modified highest weight states 



r' • V^(n + rj, 



B±1±R nzl±zn oc m"- 1+ "(to' - uv' 



2 ' 2 



(E.17) 



We can act on these states with lowering operators to create other states all of which satisfy 
- V^V^ Y ± (n + T], m, m!) = (n + r) + l) 2 V ± (n + 77, m, m!) . (E.18) 



27 We use bold characters for vectors in the four dimensional embedding space. 

28 The scalar product for four dimensional vectors is defined as A ■ B = A\B\ + A 2 B 2 + A 3 B 3 + = 



A U B U + A. a B u + A V B V + A, B B V = 2A U B U + 2A, a B u + 2A V B § + 2A„B V . 
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Let us examine their behavior at u — > 0. The lowest power of u in the descendants are 

r' ■ V+ {n + 77, _ i : «=i±2 _ r ) „ „' ^ t , r+1 (-a u ) z+r n n - 1+? ' + ■ • • 

r' ■ V H {n + 77, _ / ; «±i±2 _ f) ~ u' 7j f (-5 u ) r+f w n - 1+,? + ■ • • 

We find that for < 77 < 1 there are n(n 2 +1 ^ modes of each of which are regular as u — > 0. 
The same statement holds true when considering singularities of the field strength rather 
than the gauge field. 

In a similar fashion to before we can also start with the lowest weight states 



r' ■ V+(72 - 77, ^±2, ^±i±2) oc w re - 1 -"(^ / - uv'), 
r' • V^n - 77, ^±1±!Z, ^ ^-1-^/ _ ^ 



(E.20) 



(E.22) 



and act on them with raising operators, giving eigenstate of the vector Laplacian 

- V M V V ± (t7 - 77, m, m') = (n-r] + l) 2 V ± (n - 77, m, m') . (E.21) 
Their leading behavior at it — > is 

r' ■ V+(n - 77, + / ) ^+I±2 + r ) „ v > tf+i ^_y +r ^n-i- v + . . . 

r' ■ V~(t7 - 77, ^±i±2 + I zJ^+v + r)~ u' v l+l v f (d u ) l+f (u) 71 - 1 ^ + ■■■ 

E.3 Spinor Harmonics 

We now study the spectrum of the Dirac operator 

-tf = -*7 M V M (E.23) 
where the covariant derivative for spinors in the left- invariant frame is given by 

V M = d, + ^7m- (E.24) 



In terms of L , the left-invariant angular momentum generators (1A.3I) and the spin operator 
S a = f 7 a this is 

- if = I Ul l • S + . (E.25) 
Considering J = L L + S, we have 

- if = I ( 2 (J 2 - (L L ) 2 - S 2 ) + ^ . (E.26) 
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Given that S has spin s = 1/2, then for L with spin I = n/2, the spin of J is j = (n ± l)/2 
and we label the eigenstate as x ± (ra, m, m'). It follows that for x + { n i m i m ') states n > 0, 
and for x _ (ri, m, m') states n > 1. The eigenvalues are ±(j + 1)/R, or explicity 

— zVx + ( r2 ) m ) m ') — + 3/2) m ? m > 

R 1 (E.27) 

The multiplicity for j = (n + l)/2 is (n + 2)(n + 1) and for j = (n — l)/2 is n(n + 1). 
The highest and lowest states are given in (32] (in slightly different notations) 







I VU \ n-1 ni / W 



: ' U n / ^ 2 > 2^ \ i i;<i2 rl - 

As with the other harmonics, we can deform them for t] ^ as 



(E.28) 



„• _ n+l 
J 2 



(E.29) 



i = n-1 • 

J 2 - 

X* (n + V, *=p, =?) = ( un+v ) Xl(n- V, ^P 2 , ^) = 

More modes are obtained by applying the annihilators J_ = + S- and to highest 
weight states or the creators J + = + S + and to the lowest weight states. All these 
modes are eigenstate of the Dirac operator (1E.26|) with eigenvalues 

—i^X^i 71 + ? 7' m > m> ) = ~B(^( n + ?7 + 1) + 1/2) Xn( n + m -, m ') > 

^ (E.30) 

—i^X^( n ~ Vi m i m ') = ~r;(^ 1 ( n — ? 7 + l) + l/2) Xl{ u ~ 1i m i m ') ■ 

R 

As before, these states will become singular when acting with too many creation/annihilation 
operators. Some of these states have to be included to complete the supersymmetry multi- 
plets analyzed now. 



E.4 Supersymmetry multiplets 

In order to determine which fluctuation modes one should include in the calculation of 
the determinant it is helpful to consider the multiplets they form under the supercharges 
preserved by the vortex loop operator. This is analyzed here and the final expressions for 
the determinants determined. 
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E.4.1 Chiral multiplet 

The fluctuations of bosons and fermions can be expressed in term of fields that satisfy non 
trivial boundary condition, as discussed in previous sections. These fields are related by 
supersymmetry transformations (ID. 12[) . (ID.26[) . that when written in terms of symmetry 
generators = (1A.3|) and 7^ = 2S^ are 



(E.31) 



= ~L^S 3 e - ^L L + rS.e - ^L L J p S + e + (m ^ - ^ e + F% 

4 P = —LffiSse- ^LffiS-e - ^$ p S + e + (i} p a - e + F p e, 

5F P = -1 e(L L ■ S)<$ p - %4 p a Q + i(A - 2)#. 
ti tt 

For the supersymmetry preserved by the loop operators (12.61) . the parameter e has spin +1/2 
and e spin —1/2, therefore 7 + e = 7_e = 0. They can be written as e = ( % ) and e = ( £ ) 
and a few terms of flE.31j) drops out. 

Focusing on specific components p of the fluctuation fields with p(H) = 77, they can be 
expanded in the harmonic bases as 

Y ^n+rj^m' S H {n + v,m,m') + <Pn- v ,m,m' Sdn -ri,m,m'), 

n,m,m' n,m,m' 
n,m,m' n,m,m' 

+ Y ^n- V ,m,m>XL( n -V,m,m')+ ^ ^n- V ,m,m> X~L ( n ~ V, ™, m!) , 
n,m,m' n,m,m' 

F= Y F n+ V ,m,m> S H {n + 7] , m, m') + ^ ^n-r},m,m' £>L{p> ~ Vi m i 



(E.32) 



n,m,m' n,m,m' 



The expansions of 0, ^ an d -F are similar and from orthogonality of the states and the 
eigenvalues calculated in the previous sections (]E.7p . (IE.30[) one sees that the action (ID.25[) 
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q ST f {n + y){n + ri + 2) + (Rp(a ) + i(A - l)) 2 + 1 - L H 

^chiral / j I < Pn+ri,~m,-m' < Pn+r],m,m' 

n,m,m' ^ 

( W _ v){n _ rj + 2 ) + (jRp ( ff0 ) + Z ( A - l)) 2 + 1 H t 

' rn—T},—m,—m'rn—r],m,m' 

f (±(rc + ?? + !) + igg(go) - A + 1) - L± H± 

' / j I jr> rn+rj,—m,—m'Tn-\-r],m,m' 

n,m,m',i: ^ 

(±(7i-7/ + l) + ^pM-A + l) ,m ■ l± 

rn—ri,—m,—m'rn—ri,m,7 

' / j \ n+rj,—m,—m' n+r],m,m' ' n—rj,—m,—m' n—r],m,m') " 
n,m,m' 

(E.33) 

Note that is in the conjugate representation to 0, so the allowed values of 77, which are the 
eigenvalues of the weights p have the opposite signs. This matches with the fact that the 
shift of n in the states arising from the highest and lowest weight states have the opposite 
signs. 

To see the supermultiplet structure we can plug the expansion (IE. 32ft into (1E.31[) . If we 



project the variation 5(j) p into eigenstates of the total angular momentum L 2 , L3 and Lf 
and find that 

"^ri+?7,m,m' ~ ^n+r),m+l/2,m' ^n+r;,m+l/2,m' ' , r „,, 
* ( rn-T\,mjm! ~ ^n-ri,rn+l/2,m' rn-7?,m+l/2,m' " 

In the last expression we ignored numerical factors and assumed the states on the right hand 
side exist. 

Likewise, when projecting Sip on eigenstates of L • S, J% and L% we find 

^n+ri,m+l/2,m' ~ 4 > n+r),m,,m' + ^n+r] ,m.+l ,m' (E.35) 

(and likewise for ip L± ). The variation of the modes of F give back the same modes ip as 
above. 

We therefore conclude that the states 

} (E.36) 

are multiplets of the unbroken supersymmetry and likewise 

{0n-?7,m,m' ' ^n-r),m+X/2,m> ' ^n-»?,m.+l/2,m' ' ^n-r],m+l,m' } • (E.37) 



29 This result follows from the relation SH,h{n + r), m, m') = Sl,h( h + ? 7> — m i and similar relations 

for the other type of harmonics, and the scalar products discussed in the previous sections. 
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For each such multiplet there is another multiplet of the barred fields, which couple to them 
in the action f ]E.33j) . The contribution of each multiplet in (IE.36j) to the determinant is 



(n + g + 2 + iRp{a Q ) - A)(-rc - 77 + iRp(<r ) - A) 

( n + r/ )( n + 7/ + 2) + (i?p(ao)+z(A-l)) 2 + l " ' 1 ' ' 

So up to minus signs, which we will not try to keep track of, the determinant is trivial. 

The only exception to this statement is when the full multiplet does not exist, rather it 
gets shortened, in which case the determinant is nontrivial. 

The largest value of m for which the state <fin +rj m m i exists is m = ^rp. In these cases the 
multiplets get shortened, as the states ib H ~ „+i+„ , and F H n+v , do not exist. Likewise 

there is a state ip L+ n+1 - v but no modes <p L and ip L ~ with the relevant quantum numbers, 

n—ri, 2 

only F L . The shortened multiplets are therefore associated to m — and m = — — 1 
and are respectively given by 

U L+ F L \ ( 39) 

Of course a similar statement applies to 0, ip^ and F. 

Each of the multiplets on the first line of ( 1E.39j) contributes to the determinant a factor 

of 

(n + T) + 2 + ii2p(«r ) - A) 1 



(n + 77) (n + 77 + 2) + (i2p(«7 ) + i(A - l)) 2 + 1 n + 77 - ii2p(«7 ) + A 
and each multiplet on the second line 



(E.40) 



n - 77 + 2 + ii2p(«7 ) - A . (E.41) 

For 77 = there are n + 1 copies of each of these multiplets, which we expect to not change 
when turning on 77 ^ 0. The only question is how many states get a shift n — >• n + rj and 
how many n — > n — rj, which is answered by the supersymmetry analysis above and the 
assumption of minimal singularities. We finally find that the determinant for the full chiral 
multiplet including the full representation R is 



^-ioop(^o) - 11 11 ^ n + A - ip(Ra + iH) 



p n=0 

00 



n+1 



TT TT / n+1 - A + ip(Ra + iH) \ n 42 ) 
J- J- J- J- \n - 1 + A - ip(Ra + iH) J 

p n=l x ' ' 

\s b=1 (i-iA- p(Ra + iH)) 



p 

where sdx) is the double sine function. 
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E.4.2 Vector multiplet 

We can repeat the same analysis for the vector multiplet. We expand the fluctuation fields 
A 1 = ( A H+ V + + A H ~ V~ 4- A L+ V + + A L ~ V~) 

(J, / j V n+ri,rn,ni' H/j, ~ n+ri,m,m' Hfi ~ n—r),m,,m! Lfi ~ n—r),m,m! Lji) ' 

n,m,m' 

\> _ (\H+ + , iff- - , xL+ + , ,L- -\ 

/ j \ n+ri,m,m' X-H ' A n+r),m,m' X-H ' A n—rj,m,in' X-L ' A n—rj,m,m' A-L J ' 
n,m,m' 

\> _ (\#+ + _j_ \H- - , TL+ + , 7L- -\ 

/ \ n+r],m,m' X-H ' n+r],m,m' ' n—ij,m,m' ' n—ij,m,m' X-L J ' 
n,m,m' 

1 _ I B a 1 fjL a \ 

u / j \^ n+r),m,m' ~r n —ii,m,m' L) ' 

n,m,m' 

D' = V^ 1 ( D H <? -I- D L S 1 

/ ,, ^ n+r],m,m' H "T n—r\,m,m! J L) 1 
n,m,m' 

C ~ ^ ] ( C n+r/,m,m' + C n-7],rn,m' ^l) > 



(E.43) 



and we included the ghost field c, which thus far has been ignored, but should be included 
in a full analysis of the theory. 

Expanding the supersymmetry transformations f ]D.12j) as 



a 



SA a ^ie fl a (eS a ~X a -\ a S a e), 

S\ a = ^e abc e a »S b eL L c A: - ^S a eL L a ~a a + 2a(a )S a ee a »A« - (d* + —j e, 
s ja = ie^ ea u SblL L A a + ±S a eL L a a a - 2a(a ) S a ee a » A* + (f)<* + e, (K44) 
SB* = ^,(41/ ■ S + §)*■ - -Le(4L* ■ S + §)* - (•„(,„) + ^) ^, 



one finds that the modes that belong to the same multiplets have quantum numbers 

(E.45) 



f A H+ aH- H D H 

\ n+l+r),m,m' ' n— l+ii,in,m' ' n+rj,m,m' 1 XJ n+' n 



+l+ii,m,m' ' ' rl n— l+r),m,m' ' u n+rj,m,in' 1 A> 'n+ij,m,m' ' ^n+ri,in,in' 1 

\ H+ \ H ~ \ H+ \ H ~ \ 

A n+ri,rn+l/2,m' ' A n+ri,m+l/2,in' ' /x n+??,»7i-l/2,m' ' n+?7,m— l/2,m' J 

and likewise for those arising from the lowest weight states. Though we did not include 
the ghosts in the explicit SUSY transformations, it is clear that they should appear in the 



For brevity wc omit the indices of the harmonic functions which match the modes they multiply. 
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off-shell multiplets as above. Note that for the vectors the principle quantum number n is 
shifted by ±1. 

As with the chiral multiplet, a full multiplet contributes nothing to the determinant of 
the associated kinetic operators, and the only multiplets which contribute are shortened 
ones 1^1 

The shortest multiplets for the H modes are obtained with m = + 1 and for the L 
modes with m = — — 1. They are of the form 

{ A n+1+ri:1+ n±n jm > ' ,}> 

The action (ID. lip couples a mode arising from the highest weight state and a mode from 
the lowest weight state with opposite weights ±a, hence with opposite signs of rj. Thus a 
pair of short multiplets as above is coupled by (c./., flE.18j) . ( IE.30j) ) 



((n + 2 + «(# )) 2 + i^(, ) 2 ) 
- (n + 2 + ia(Jfcr - ifi)) A^^^A^^^, 

The contribution of such pair of multiplets to the determinant is therefore 

1 



(E.47) 



n + 2 — ia(Rao + %H) ' 
Other longer, but still short multiplets are 

X H+ \ H + 1 

n+ri, — ' 1 ,m' n+rj, — y- L - L ,m' n+r/, — ~ J — L ,m' J 



(E.48) 



/ A L+ n L n L r L 

l n+l-r/,--^- 1 ,™' ' n— ?7, 2 > m 1— >7i 2 > m n—r), 2 ' m 

\£+ \i- \L+ \ 

n-n.- n -l-1 .m' ' n-n.- n ~- 1 ~" .m' ' n-n.- "+^" .m' / 



(E.49) 



ra— 77, ^ — S m n— *?! 5 — > 

These together give (ignoring overall signs) 

(n-ia(R(Xo + iH)). (E.50) 
As before we assume that the number of short multiplets is the same as for rj = 0, which 



31 



Note that the ghost c cancels the contribution of the scalar a. 
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gives n + 1. Multiplying (IE.48j) and (IE.50[) each with multiplicity n + 1 gives 





[ a(i?a + z#) 2 JJ(n 2 + a(Ra + z#) 2 ) 2 



o>0 \ n=l 



/ n 2 + a(i?<7 + iHf \ 



\(n + 2) 2 + a(Ra + 1H) 2 J 



(E.51) 



The first term on the last line arises from the numerator of the n = case in the line above, 
all the rest comes from the numerator of the n — 1 case and the difference arising from 
shifting the index n + 2 — > n in the denominator. 

It should be pointed out that for 77 = the product in the numerator starts at n = 1, not 
n = 0. The relevant multiplet is ( 1E.49|) with n = 0, where the state A^~i does not exist, 
without which the determinant of this multiplet is one. For < r] < 1 this mode is singular, 
but we think it should still be included to complete the multiplet, and because other modes 
that are equally singular are also included. Physically this mode should be thought of as 
an almost goldstino mode due to the broken supersymmetry induced by the vortex, which 
exists only in the vortex background. 

Regularizing the infinite product in (1E.5 1|) we obtain 



For a(H) = the product should start at n — 1 and the denominator is instead 7r 2 — >• 



F Details on the application of the index theorem 

In this Appendix, we provide some details on the localization computation by the equivariant 
index theorem. To avoid cluttering equations we will suppress the mass parameters that 
are associated with flavor symmetries. They can be easily restored by the replacement 
a — > a + mass. 

F.l Vanishing theorem 

Let us show that in the limit t —> +00, the path integral weighted by e~ tc ^' v with V given 
in (fl~Tj) and localizes to the configurations (gSD on Sf, and fl53|) on S 1 x § 2 , in the 




n — sinh^Trafifoo + iH)). 
IT 2 



(E.52) 



a>0 



ir 2 a{a ) 2 . 
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absence of vortex loops. We will also show that in the presence of a vortex loop, the fields 
acquire, on top of the smooth configurations (14.91) or (15.91) . the appropriate singular parts 
that characterize the operator. Given our choice of V, this will be done by solving the 
equations Q ■ fermion = 0. 

Let us begin with S^. For a vector multiplet, noting that our SUSY parameters (I4.4p 
satisfy e = C~ l e* , let us computd^l 



= C~\Q\Y = C-^-^TeF^ + De- i-fW^a + j-ae) 



(F.l) 



and compare it with 



= 5X = - l -l^ v eF^ -De + i^eD.a - ±-ae . (F.2) 



We find that 



-~ 7 ^ei^-i(ImL>)e = 0, (ReD)e - i^eD^a + -Lre = . (F.3) 
I Kf 

In the absence of a vortex loop, we take D to be real (hermitian), and hence obtain F^ v = 
from the first equation. If we have vortex loops at the north and south polesjffl then Im D 
develops delta function singularities at d = and 7r/2 so that the first equation in ( 1F.3|) is 
satisfied. 

Contracting the second equation with e\ we deduce from the real part that (ReD) + 
-j^jcr = 0. Then we have = | \^^eD^a\ | 2 = ||-D M cr|| 2 , thus D^a = 0. 
For a chiral multiplet we compute 

C-\Q$y = i-feDpt - ta<j)e - ^-6e - Fe . (F.4) 



Comparing this with 



= Q^j = i-feD^ + ieacf) - A e + eF , (F.5) 



we find that ad) = F = 0, and we are left with 



Q = iYtD^- ^-e<p. (F.6) 



32 The symbol * acts as complex conjugation on Grassmann even and odd numbers, and as hermitian 
conjugation on fields: (j>* = <j>, cj>* = cj>, a* = a, D* = . 

33 In the following, we will set = without a vortex loop, and A$ = 0,A V1 = Hi, A V2 = H 2 with 
vortex loops, where Hi and H 2 are the vorticities of the operators at d = and -d = tt/2. 
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Let us substitute the explicit expression for e given in (I4.4p . and take linear combinations of 
the two components in (1F.6|) . One combination gives 

J- lDv J + ±D^-p = 0. (F.7) 

For generic b, this equation has no non-zero solution because / is a non-trivial function of 
and the saddle point configurations are given by (I4.9p . For b = 1, we have / = 1, and the 
Fourier component <fi = e iklipi+lk2ip2 can be non-zero if 

k 1 + k 2 + H 1 + H 2 + A = J (F.8) 

where Hi and are non-zero when vortex loops are inserted. Another linear combination 
then gives the equation 

{(k 2 + H 2 ) tan$ - {k x + H x ) cot + = , (F.9) 

whose solution leads to 

= p( e itpi sin#) kl+Hl (e i(p2 cosi?) fca+fl ' a e- iff *' 1 - iHa<w (F.10) 

where /3 is a constant. This is the matter vortex configuration discussed in Section I2T51 It is 
singular for generic values of A and does not contribute to the path integral unless we choose 
to insert corresponding disorder operators. We will not include the contributions from the 
configuration in this paper. 

Next let us consider the geometry S 1 x § 2 . For the vector multiplet, we again compare 
QX = with a complex conjugate of (QX)* = 0. Defining = ^e fl up F up , we obtain 
QX = Ei + E 2 and •y T C^ 1 (5X)* —E\ — E 2 , where 

Ei = -ij T eB T - i(ImZ?)e + i^eDjcr - ia^e , 
E 2 = -ij j eBj - (Re D)e + i^ T eD T a . 

Here we used the properties C~ l e* = 7- ? e,C~ 1 e* = j T e, D^e = — |7^7 r e, and .D^e = ^I^It^- 
Thus £^12 must vanish separately. Contract E 2 = with e\ The real part of the equation 
imply that KeD = 0. Let us also consider contracting E 2 = with e T C. Since e^^e = 
(1, 0, — i) with /j, = t,9, ip, the real part implies that 5^ = 0, and the imaginary part implies 
that D T a = 0. It then follows that B a = 0. Next contract E\ = with e T C. We find that 
D v a = 0, and that 

B T + a -ImDcos9 = 0, (F.12) 

It also then follows that -D^cr = 0. Without a vortex loop -D is real, and when there is one 
ImD compensates the delta function in B T as in ( 13. 9ft . Thus we have S r + a = 0, where 
S T is the smooth part of B T . Diagonalizing a, we find that B_ T = y, cr = — y, where m is a 
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quantized GNO charge. For the chiral multiplet, the same reasoning applied to Qip = and 
(Qip)* = leads to 

i~f T eD T (j) + Fe = , % -f j eD j( p + ia<f)e - iA<p^e = . (F.13) 

3=6, <p 

The first equation contracted with e T C implies that D T cf) = F = 0. Using the explicit 
expression (15. 8p . the remaining equations can be solved: 

/ n\m/2 

(f) = (3 fe T ^tan- j (e^sin^) e T ^ ±v , (F.14) 

where the upper and lower signs are for the two patches on S 2 , and (3 is a constant. 
Again the configuration represents matter vortex loops, and we do not include the contribu- 
tions from such a configuration in this paper. Thus the path integral localizes to the field 
configurations (15.91) in the absence of a vortex loop, and to the same configurations on top 
of singular backgrounds in the presence of vortex loops. 



F.2 Gauge fixing 

In order to perform a one-loop calculation, we need to fix the gauge for the field configurations 
around the chosen saddle point. As usual, we introduce ghpsts (c, c) and a bosonic auxiliary 
field B and require that by the BRST charge Qb acts aq 



J.31 



Qb-c = -|M, (F.15) 
Qb-c = B, (F.16) 
Qb-B = 0, (F.17) 



on (c, c, B), and a: 



Q B ■ (field) = —Q{c) ■ (field) , (F.18) 
on the original fields. It is also standard to define the functional 



^ gh = j SxVhTi (c{G{A) + |s)J (F.19) 



with a choice of gauge fixing term Gc3 Let us indicate by (0) objects defined at the saddle 
point, and by tilde the difference of the dynamical field from its background value. For 
example A = A — Hidtpi — H 2 d(p 2 ,a = a — cr^Jf] The standard choice of G(A) is D^A^, 



34 Also note that [c, c] = c a cp[T a , T f3 } if c = c a T a . 

35 Hcrc Q(c) ■ is the gauge transformation with parameter c. For example QbA^ l = D^c, Qb^ = — i{c, A}. 
36 As in the standard gauge, £ is an arbitrary parameter that does not affect the result of path integral. 
In the text the saddle point value a' ' is simply denoted as a, and is only distinguished by the context. 
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but we will make a slightly different choice below. In the familiar background field gauge, 
we would gauge-fix by adding a gauge-fixing Lagrangian Q B ■ V g h- For localization, we need 
to modify Qb • V g ^ so that it is compatible with the supercharge Q. We do this by defining 
the Q transformations of (c, c, B) as 

Q . c = a + iv»A„ , Q ■ c = , 

Q-B = iv^D^c + z[^°\c}. 1 ' J 

One can check that on all fields including (c,c,B), Q = Q + Qb acts as the bosonic symmetry 

Q 2 = iC v + ia^ - v *Af + ^(b + \T x )n , (F.21) 

which is the same as (14. 5 p except that the fields take values at the saddle point. With gauge- 
fixing, the localization procedure involves adding to the action the term — tQ ■ V instead of 
-tQ ■ V, where V — V + V gh . 

F.3 Cohomological organization of fields 

As in [3], we want to organize fields in the cohomological form. We begin with a vector 
multiplet on Let us defined 

A M = e 7M A + e 7/ ,A , A = eA + eA . (F.22) 

On the space of fields, we define bosonic and fermionic coordinates (Xo,Xi) aJ^I 

X = (X vec ; X chi ) = (A,; 0, 0) , X 1 = (X^; Xf) = (A, c, c ; e^, . (F.23) 

The field a is a dynamical equivariant parameter. The remaining fields are interpreted as 
the differentials QX Q and QX\. In the following, we pick a saddle point and expand the 
action up to the quadratic order. We can write the quadratic part of V in the form 

vW = {X , T XI) g. y g.j , (p , 4) 

The equivariant index for Dio takes the form 

ind( J D 10 ) = Tr Kcr D 10 e c « 2 - Tr CokcrDl0 e c & = £ Cj e^ , (F.25) 

3 

where Cj is a sign ±1, and Wj is the eigenvalue of cQ 2 for mode j. The one-loop determinant 
is then given by the infinite product O4.10p . 



38 Throughout this section, the symbol A denotes a component of the gaugino, and should not be confused 
with a gauge parameter in Section IB. 21 



For the spinors (|4.4j) and vector (|4.6[) . we have ee — 1, V^ey* 1 = e, VuCy 1 * = — e, v^Vn = 1. 
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The fermionic functional V = V vec + Vdj is given b^ 4 



i 



f (F.26) 



= -F vp v v A." - -VA - iD^trA" — -DA — (a/f)v"A^ + c(G(A) + 
and 

= (W) V + (<W¥ 

= -iD fl (f)(eYi>)± - iD^v^eip - i(f)(a + m)eip - y<peilj - Feip ^ 27 ) 

+ i(e f y fi '^)±D ll <f> + ie^D^cf) + i(a + m)0e^ + y0e^ + Fex[) . 

The symbol _L indicates the projection to the directions orthogonal to v^. We have for 
example ej^ip = (eip)v^ + (e , y tJ "ip)±. 

F.4 Differential operator D\q 

Given a differential operator T> on space X , its symbol cr(D; x,p) is a function of x G X and 
p = p^dx^ G defined by replacing by ip M everywhere in D, and collecting the terms 

that have the highest order in p. The operator T> is called elliptic if its symbol is invertible 
for any x E X and p 7^ 0. When a group if acts on X, there is a weaker notion of ellipticity. 
We say that T> is transversally elliptic if its symbol is invertible, at each x G X, for all 
non-zero cotangent vectors p 7^ that are orthogonal to the H directions [21] @ When V is 
transversally elliptic with respect to the if -action, the Atiyah-Bott localization formula can 
be applied to compute the equivariant index, which is interpreted as a distribution on H. 
In this section we will compute the differential operator D\q that appears in the fermionic 
functional V^ 2 \ and show that it is transversally elliptic. 

We first consider the geometry 8%, and begin with the vector multiplet. It is convenient 
to split the fluctuation = — into the components parallel and orthogonal to the 
vector field t> M : A^ = a^ + v^b, v^a^ = 0. The bosonic and fermionic coordinates (X ,Xi) on 
the space of fields are defined in f ]F.23j) . A technical complication is that the ghost c appears 



with a derivative in 

A M = -2iQA„ + 2iD„c. (F.28) 



40 It is useful to define e° := y_j and := ^ e Q , which satisfy e\ n e n = 25™ and e m e\ n = 21 4x4 

for to, n = 0, . . . , 3. We then have A M = ej t ( and A = ej ^ ^-J . We also use the identities ej^X = 

1 _ i e » vp v u h.P + |u"A, e 7 ^A = \K» + ^ vp v»kP - \v*k, eA = ±^A M + ±A, and eA = -f + §A. 
41 We say that p is orthogonal to the H directions if p^V^ = for any V^d^ whose flow is an action of H . 
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~ (2) 

Although Vvbc in terms of the original fields involves only terms with single a derivative, 
several terms end up with two derivatives when we express Vvec in terms of Xq, etc. Indeed, 
showing only the integrand, we find up to total derivatives^! 

\^vec 7~jvec x^vec 
A l -^10 A 

= -2i[D v (a„ + v l J))](y v D' t - v"D u )c - ie^D^ + v u b)]v p A + cG(a + vb) 

I (D fJ, v u - D v v^)D v v ll {D»v v - D u v^)D u \ / u N ( F - 29 ) 
= (2zccA) G(x,9)% 

V -ie^{D„v v )v p ie^v p D v 

Since the symbol is defined using the terms with most derivatives, superficially is neither 
elliptic nor transversally elliptic. We can, however, make a field redefinition so that is 
block diagonal, with one block being second order and the rest first order@ 
Let us introduce 

V, = ^-e^D" (F.30) 
and take the gauge fixing term to bfl 

G(A) = G^A P = (Z>" + {D"V V - v v D v )v")A„ . (F.31) 

After some calculation, we find that the differential operator D\q for the vector multiplet 
can be block diagonalized: 



x^vec 7~ivec x^vec 
A l -^10 A 



(2ic c - 2w v D v c A) 



ie^VpDv, 



(F.32) 



Thus at the quadratic order in fluctuations, b = v^A p and c decouple from the other 
combinations of fields in (1F.32[) . The corresponding differential operator appears on the 



upper left corner of the matrix. Its symbol is p 2 — (p ■ v) 2 , which vanishes for p parallel 
to v, but is non-zero for any non-zero p satisfying p ■ v = 0. Thus the operator for (b, c) 
is transversally elliptic, and the index theorem applies. The equivariant index is however 
trivial because the differential operator maps the space of scalars to itself, and its kernel and 
cokernel are identical. 



42 The square bracket [ ] indicates that the derivatives act only on the functions inside. If not in a square 
bracket, derivatives are understood to act on all the factors on the right. 

43 The same issue arises in for localization in four dimensions. The authors of [3] and [34], working with 
momenta rather than derivatives, showed that highest order terms can be block diagonalized. Here we are 
pedantic and demonstrate that the whole differential operator can be block diagonalized. 

44 See [34] for a similar choice of the gauge fixing term G in the four-dimensional case. 
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The differential operator on in the lower right block of the matrix in (1F.32|) is first order 
in derivatives, and its symbol has determinant i(p 2 — (v ■ p) 2 ). Thus the operator is again 
not elliptic, but is transversally elliptic. As explained in Section HI the operator, defined on 
§1, reduces to a transversally elliptic operator on the base S 2 of Hopf fibration. At the north 
and south poles of the § 2 , this operator acts as the differential in the folded version of the 
de Rham complex, d + d* : Q 1 — > Q 2 © 0°, where d is the usual exterior derivative and d* its 
dual. 

For the chiral multiplet, we obtain from ( IF. 271) 

X^D^Xf = Kerfj^DJ + c.c. 

= i{e*l>){efe)D lt <f> + c.c. 

where complex conjugation * acts formally as ip* = —Ctp. The vector field that appears in 
( IF. 331) can be decomposed as e^e = + where and u 11 are both realH It can be 
checked that (it, v, w) form an orthonormal basis of the tangent space. The symbol a of the 
differential operator ie^^eD^ then satisfies |<r| 2 = (w ■ p) 2 + (it • p) 2 = p 2 — (v ■ p) 2 , so the 
operator is not elliptic but is transversally elliptic. At the north and south poles (i? = and 
7r) of the base § 2 , the operator acts as the Dolbeault operator in the directions orthogonal 
to v. 
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